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ABSTRACT. We prove existence of a special class of solutions to the (elliptic) Nonlinear Schrodinger 
Equation — e^Ai/; + V{x)iIj = |^|^~^V' on a manifold or in the Euclidean space. Here V represents the 
potential, p is an exponent greater than 1 and e a small parameter corresponding to the Planck constant. 
As s tends to zero (namely in the semiclassical limit) we prove existence of complex-valued solutions 
which concentrate along closed curves, and whose phase in highly oscillatory. Physically, these solutions 
carry quantum-mechanical momentum along the limit curves. In the first part of this work we identified 
the limit set and constructed approximate solutions, while here we give the complete proof of our main 
existence result Theorem ll.il 
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1 Introduction 

In this paper we continue our study of TO], concerning concentration phenomena for solutions of the 
singularly-perturbed elliptic problem 

(1) - e^AgV + F(a;)?A = IV'r'V on M, 

where M is an n-dimensional compact manifold (or the flat Euclidean space M"), V a smooth positive 
fimction on M satisfying the properties 

(2) 0<Vi<V<V2; \\V\\cs<V3, 

ij) a complex- valued function, e > a small parameter and p is an exponent greater than 1. Here Ag 
stands for the Laplace-Beltrami operator on {M,g). 

Solutions to ^ represent standing waves of the Nonlinear Schrodinger Equation, and here we are 
interested in the semiclassical limit, namely the asymptotics of solutions when the parameter e (repre- 
senting the Planck constant) tends to zero. Typically, if concentration occurs near some point xq £ M , 

such solutions behave like ipe{x) ~ u ^i^!£i^L£iol^ ^ where dist{-, ■) denotes the distance on M and where u 

solves the equation 

(3) - /^u^V{xq)u^uP inM". 

-"^ E-mail addresses: mahmoudi@ssissa.it (F.Mahmoudi), malchiod@sissa.it (A. Malchiodi) 
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We refer the reader to the introduction of [10] for the motivation of the study and for a brief description 
of the existing resuhs in the hterature about this topic. There are several works concerning standing 
waves concentrating at a single (or multiple) points of M, and for which the corresponding solutions 
of ([3]) decay to zero at infinity. On the other hand, only very recently it has been proven existence of 
solutions concentrating at higher dimensional sets, like curves or manifolds. In all these results (except 
for [2]), the profile is given by (real) solutions to ([3]) which are independent of some of the variables and 
hence do not tend to zero at infinity: if concentration occurs near a fc-dimensional set, then the profile 
in the directions orthogonal to the limit set will be given by a soliton in M"^*^. 

In this paper we are going to construct a different type of solutions. These still concentrate along curves 
in M, but their phase is highly oscillatory along the limit set. More precisely, we consider standing waves 
(namely the solution of ([3])) whose profile has the following expression 

(4) (l){x',Xn) ^ e-'f^'-Uix'), x' ^ {xi,...,Xn-i), 

where / is some constant and U{x') a real function. With this choice of <j)^ if concentration occurs near 
some point xqj then the fimction U satisfies the equation 



(5) -^U+(j^ + V{x^))u^\Ur^U 



in M"-\ 



and decays to zero at infinity. Solutions to ([5]) can be found by considering the radial function U : 
^ M which solves 

(6) -AU + U = UP inR"-^ 
It is known that U (and its derivatives) behaves at infinity like 

(7) U{r) ~ e~^r ~ as r ^ +oo. 
Using the scaling 

(8) U{x') = hU{kx'), /i = + y(xo)) ^ , fc= (/2 + y(xo))\ 

in ^ the constant / can be chosen arbitrarily, and then h, k are determined according to the last formula, 
depending on V{xq). Indeed / represents the speed of the phase oscillation, and is physically related to 
the velocity of the quantum-mechanical particle associated to the wave function. If concentration occurs 
near some closed curve 7 = 7(1) in M, and if we allow the parameter / to depend on the variable s, then 
the solution "0 will be of the form 

(9) ^(^,C)-e-^M^)^^^^'^^ 



where s stands for the arc-length parameter of 7, and y for a system geodesic coordinates normal to 7. 
Here the functions /i(s) and fc(s) are chosen so that 

(10) h{-s) = ((/'(^))2 + V{-s))^^ , k{-s) = ((/'(5))2 + V(;s)Y . 

basically replacing / with /'(s) in ((S]). 

If 7 is given, it was shown in |10| (using formal expansions in e) that the corresponding function / 
should satisfy the following condition 

(11) /'(s)~y^r(s) with a = -^^^-^^fc-^ - 2, 
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where A is an arbitrary constant. At this point, only the hmit curve 7 should be determined. Since we 
require the function / to be periodic, if we consider variations of 7 (for all of which (fTTjl holds true) then 
it is natural to work in the restricted class 

r I7 : R M periodic : A J h{syds = J fisfds ^ constantj , 

where, as before, s stands for the arc-length parameter. It is shown in [10] that the candidate limit curves 
are critical points of the functional 7 >— >■ h^{s)ds, where 

With a direct computation one can prove that the extremality condition is the following 
(12) V^y = (^^-^hP-^ - 2A^h^A H, 



where \7^V represents the normal gradient of V and H is the curvature vector of 7. 

Similarly, via some long but straightforward calculation, one can find a natural non-degeneracy con- 
dition for stationary points, which is expressed by the invertibility of the operator Z, acting on normal 
sections V to 7, which in components is given by 



p — 1 J \ p^l / p^l 

2 V P 



i?"(H,V) 



-(p - 1) (3 + ^) - l^i^K^^ + 2^^2(5^ + ie)h^+^ 
{p-l)h<> -2A'^ah<' 



m — 2, . . . ,n. We refer to Section 2 in fW for the notation used in this formula. We point out that, since 
(llip determines only the derivative of the phase, to obtain periodicity we need to introduce a nonlocal 
term, denoted here with A'l- Letting L{^) be the length of the curve 7, our main result is the following. 

Theorem 1.1 Let M be a compact n- dimensional manifold and let V : M —t'Kbea smooth positive 
function (or let M — R" and let V satisfy ^) and 1 < p < jj^. Let •y be a simple closed curve in 
M : then there exists a positive constant Aq, depending on V\^f and p for which the following holds. Lf 
Q < A < Aq, if j satisfies (|12p and the operator in (jl3[) is invertible on normal sections ofj, there is a 
sequence Efc — > such that problem (NLSe^) possesses solutions i/'ei- having the asymptotics in ([9]), with 
f satisfying (jlip. 

As a consequence of this theorem, see Corollary 1.3 in [10], we prove a conjecture posed in [1] for the 
case of one-dimensional limit sets. We also improve the result in [2], in the sense that we characterize 
explicitly the limit set and we do not require any symmetry on the potential V: indeed in [2] y is assumed 
cylindrically symmetric in R'^, and solutions are found via separation of variables. The restriction on the 
exponent p is natural since it is a necessary condition for the solutions of ^ to vanish at infinity by the 
Pohozaev's identity. The smallness condition on the constant A and the fact that concentration is not 
proved for all the values of (small) e are discussed below in the introduction. For the latter issue and for 
the main difhculties caused by removing the symmetries see also the introduction of [lOj . 

The main goal of Part I, fTUJ, was to show that the condition (|12p and the non-degeneracy of the operator 
in ([T3)) . arising from the reduced functional 71-^/ h^{s)ds, appear naturally when considering U), and 
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in particular when we try to solve it formally with an expansion in power series of e. To explain this fact, 
it is convenient to scale problem ([1]) in the following way 

(14) - Ag^^ + V{ex)^j = \iP\P-^iP inAfe, 

where denotes the manifold M endowed with the scaled metric ge = -^9 (with an abuse of notation 
we might often write = -jM). We are now looking for a solution concentrated near the dilated curve 
7e := ^7. We let s be the arc-length parameter of 7^, so that s = es, and we let {Ej)j=2,...,n denote 
an orthonormal frame in iV7 (the normal bundle of 7) transported parallely with respect to the normal 
connection, see Section 2 in [lOj : we also let {yj)j be a corresponding set of normal coordinates. Since 
we want to allow some flexibility both in the choice of the phase and of the curve of concentration, we 
define /o(s) — f{s) + e/i(s), and we set Zj = yj — *&j(s), where {^j)j=2,...,n are the components (with 
respect to the above coordinates y) of a section $ in N'y. Then, with a formal expansion of t/j in powers 
of s up to the second order, in the coordinates (s, z) near 7^, we set 

V'2,£(s,z) = e"*'^'^ {h{es)U {k{es)z) +e[wr + iw^] + [vr + ivi]} , s e [0,L/e],z e M""\ 

(L ~ L{j)) for some corrections Wr,Wi,Vr,Vi (which have to be determined) to the above approximate 
solutions. We saw in Section 3 of [TO] that these terms solve equations of the form CrWr — Tr, CiWi — Ti, 
LrVr = CiVi = jFj where 

( CrV = -A,v + V{s)v~ph{sr-'U{k{s)zr-\ _i 
^ > { C^v ^ -A,v + V{s)v - his)P-'U{k{s)z)P-^v ' 

and where J>, Ti, J>, JFj are given data which depend on V, s, A, ^ and /i. The operators £r 
and £i are Fredholm (and symmetric) from i?^(R"~^) into L^(M"~-'^), and the above equations for the 
corrections can be solved provided the right-hand sides are orthogonal to the kernels of these operators. 
As explained in [TD] , the condition and the non-degeneracy of the operator Z allow us to determine 
Wr, Wi and Vr, Vi respectively, namely to solve ([T4)) at order e first, and then at order e^. 

To make the above arguments rigorous, we can start with an approximate solution ■0o,e behaving like 
■00,6 — e~'^^^ h{£s)U{k{es)z), and try to find a true solution of the form e~'^^^^[h{es)U{k{es)z) + w], 
with w suitably small and / close to /, via some local inversion arguments. From a linearization of the 
equation near V'o,e, the operator Lg acting on w in the coordinates (s, z) is then the following 

(16) L,w -dlw - A,w + V{ex) - IVo.^r"'* - {p - lMo.er^i^oM^o,ew). 

Here 3? denotes the real part. Decomposing first w into its real and imaginary parts, and then in 
Fourier modes with respect to the variable es, we can write w = lir + iwi — sin{jes)'Wrj{z) + 
? sin(jes)wij (z) (forgetting for simplicity about the cosine functions). If we take (as a model prob- 
lem) V = I, then the operators (in the z variables) acting on the real and imaginary components are 
respectively £r + e^j^ and £i + e^j^. It is well-known, see for example [B], that £r has a single nega- 
tive eigenvalue, a kernel with multiplicity n — 1 spanned by the functions diU{k{s)z), I = 2, . . . ,n (the 
generators of the normal translations), while all the remaining eigenvalues are positive. The operator £i 
instead has one zero eigenvalue with eigenfunction U{k{s)z) (the generator of complex rotations) and all 
the remaining eigenvalues positive. 

As a consequence, the kernels of £r and £i produce a sequence of eigenvalues for which behave 
qualitatively like e^j^, and for small values of j these become resonant. With an accurate expansion of 
these eigenvalues, one finds that the non-degeneracy assumption on (|13p prevents each of them to vanish: 
anyway, a direct application of the implicit function theorem is not possible since a further resonance 
phenomenon occurs. This arises from the fact that £r possesses a negative eigenvalue as well, which 
generates an extra sequence of eigenvalues of L^, qualitatively of the form —1-1- e^j^, j € N. This 
resonance is typical of concentration for ([1]) along sets of positive dimension, and the only hope to get 
invertibility is to choose the values of e appropriately. Indeed, differently from the previous sequence of 
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eigenvalues, this new one causes a divergence of the Morse index when e tends to zero, and the presence 
of a kernel for some epsilon's is unavoidable. The eigenfunctions corresponding to these eigenvalues will 
have faster and faster oscillations along the limit curve 7. 

This phenomenon is also present when one looks for solutions of the singularly perturbed problem 
— e^Au + u = in bounded domains of M", when Neumann boundary conditions are imposed. In the 
papers [9], [12], [13], [M] concentration along sets of dimension k = 1, . . . ,n — 1 has been proved, and 
analogous spectral properties hold true. By the Weyl's asymptotic formula, if solutions concentrate along 
a set of dimension d, the counterpart of the latter sequence of eigenvalues behaves like — 1 + e^j ^ , and the 
average distance between those close to zero is of order e'^. The resonance phenomenon was taken care 
of using a theorem by T. Kato, see [5], page 445, which allows to differentiate eigenvalues with respect 
to e. In the aforementioned papers it was shown that when varying the parameter e the spectral gaps 
near zero almost do not shrink, and invertibility can be obtained for a large family of epsilon's. 

However when the concentration set is one-dimensional the spectral gaps of the resonant eigenvalues 
(with fast-oscillating eigenfunctions) are relatively large, of order e, and the profile of the corresponding 
eigenfunctions can be analyzed by means of a scalar function on [0, L] (see below in the introduction and in 
Subsection l4.2.3p . This fact indeed allows sometimes to bypass Kato's theorem and to use a more direct 
approach, employed in [15] to study existence of constant mean curvature surfaces of cylindrical type 
embedded in manifolds, and in [3] for studying solutions of ([1]) in M^. We can partially take advantage 
of these techniques, see the comments in Section [21 but some new difficulties arise due to the fast phase 
oscillations in ([9]). We describe them below, together with the strategy of the proof. 

By the above discussion, we expect to find three possible resonances: two of them for small values 
of the index j (with eigenvectors roughly of the form e~*^^9/J7(fc(s)z) sin(£j's), I — 2,...,n, and 
«e~*'^^e^C/(fc(s)z) sin(£js) respectively) and a third one for j of order i, precisely when —e^j^ coincides 
with the first eigenvalue of £r- 

To understand this behavior, we first study the spectrum of a model operator similar to (|16p . where we 
assume Y = V > ^ and 'i/'o.e to coincide with the function in (|4]). For this case we characterize completely 
the spectrum of the operator and the properties of the eigenfunctions, see Subsection 1 2 . 31 and in particular 
Proposition [231 The condition on the smallness of A appears precisely here (and only here), and is used 
to show that the resonant eigenvalues are only of the forms described above. Removing the smallness 
assumption might indeed lead to further resonance phenomena, see Remark 12.71 for further comments. 

We next consider the case of non-constant potential V: since this has a slow dependence in s along 7^, 
one might guess that the approximate kernel of (see ([TG])) might be obtained from that for constant V ^ 
introducing also a slow dependence in s of the profile of these functions. With this criterion, given a small 
positive parameter 5, we introduce a set (see (|57)) and the previous formulas) consisting of candidate 

approximate eigenfunctions on L^, once multiplied by the phase factor e~'~^. More comments on the 
specific construction of this set can be found in Subsection 12.31 especially before ([^ . 

In Proposition 1 2 . 91 we show that this guess is indeed correct: in fact, we prove that the operator is 
invertible provided we restrict ourselves to the subset of functions which are orthogonal to e~*~^i^5. 
This property allows us to solve the equation up to a lagrange multiplier in if^, see Proposition l2.14l For 
technical reasons, we prove invertibility of in suitable weighted norms, which are convenient to deal 
with functions decaying exponentially away from 7^. As done in [3], [9] and [12], this decay allows us to 
shift the problem from the whole manifold to the normal bundle i^^e via a localization method, see 
Subsection 12.21 

Compared to the other results in the literature which deal with this kind of resonance phenomena, 
the approximate kernel here depends genuinely on the variable s (in [9] , [12j , [13j , [14j , [15j the problem is 
basically homogeneous along the limit set, while in [3] it can be made such through a change of variables). 
To deal with this feature, which mostly causes difficulties in Proposition 12.91 we localize the problem in 
the variable s as well. Multiplying by a cutoff function depending on s, we show that orthogonality to 

implies approximate orthogonality to the set K^^ see (j70p and the previous formulas, which is the 
counterpart of for a potential freezed at some point in 7^: once this is shown, we use the spectral 
analysis of Proposition [221 
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Section [3] is devoted to choose a family of approximate solutions to (flU) : since we have many small eigen- 
values appearing, it is natural trying to look for functions which solve (|14p as accurately as possible. Our 
final goal is to annihilate the Lagrange multiplier in Proposition 12.141 and to do this we choose approxi- 
mate solutions ^2,6 (in the notation of Section[3]) which depend on suitable parameters: a normal section 

a phase factor /2 and a real function (3. The latter parameters correspond to different components of 
Ks, and are related to the kernels of £r(+e^J^) and £i(-fe^j'^), see the above comments. The function f3 
in particular is highly oscillatory, and takes care of the resonances due to the fast Fourier modes. 

Differently from |10j (see in particular Section 4 there), where the expansions were only formal, we need 
here to derive rigorous estimates on the error terms, and to study in particular their Lipschitz dependence 
on the data <&, /2 and /3. Proposition 13.21 collects the final expression for —Ag^ijj + V{ex)ip — 
on the approximate solutions "^2.6- the error terms 2l's are listed (and estimated) before in that section, 
together with their Lipschitz dependence on the parameters. 

Finally, after performing a Lyapunov- Schmidt reduction onto the set Kg, see Proposition 14.11 we study 
the bifurcation equation in order to annihilate the Lagrange multiplier. In doing this we use crucially the 
computations in Part I, |10j . together with the error estimates in Section [3l In particular, for $ and /2 
we find as main terms respectively the operator J in (fT3|) and the one in the left-hand side of (I113P , both 
appearing when we performed formal expansions: these operators are both invertible by our assumptions, 
and therefore we are able to determine $ and /2 without difficulties. 

The operator acting on /3 instead is more delicate, since it is qualitatively of the form 

(17) -e2/?"(s) + A(s)/3 on[0,L], 

with periodic boundary conditions, where A is a negative function. This operator is precisely the one 
related to the peculiar resonances described above. In particular it is resonant on frequencies of order i, 
and this requires to choose a norm for (3 which is weighted in the Fourier modes, see (jl25p and Subsection 
14.2.31 For operators like that in (I17|) there is in general a sequence of epsilon's for which a non-trivial 
kernel exists. Using Kato's theorem though, as in [12], [13], [T^, [9] and [7], we provide estimates on 
the derivatives of the eigenvalues with respect to e, showing that for several values of this parameter the 
operator acting on [3 is invertible. In this operation also the value of the constant A, see pT|) . has to be 
suitably modified (depending on e), in order to preserve the periodicity of our functions. Once we have 
this, we apply the contraction mapping theorem to solve the bifurcation equation as well. 

The results in this paper and in jlOj are briefly summarized in the note illj . 

Notation and conventions 

Dealing with coordinates, capital letters like A, . . . will vary between 1 and n while indices like j, I, . . . 
will run between 2 and n. The symbol i will stands for the imaginary unit. 

For summations, we use the standard convention of summing terms where repeated indices appear. 

We will often work with coordinates (s, i • ■ • i Vn-i) near the curve 7, where s is the arc- length parameter 
of 7 and the y^'s are Fermi normal coordinates (see the next section). The dilated curve 7^ :— ^7 will 
be parameterized by s = ^s, and we also denote by y the scaled normal coordinates. The length of 7 is 
denoted by L. When dealing with functions (or normal sections) depending on the variables s or s, the 
notation prime will always denote the derivative with respect to s. When we differentiate with respect 
to s, we usually adopt the symbol dg. 

For simplicity, a constant C is allowed to vary from one formula to another, also within the same line. 
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For a real positive variable r and an integer m, 0{r"^) (resp. o(r™)) will denote a complex-valued function 



for which 



0(r" 



remains bounded (resp. 



tends to zero) when r tends to zero. We might also 



write 0^(1) for a quantity which tends to zero as e tends to zero. 



Sometimes we shall need to work with integer indices j which belong to sets depending on s. e.g. 
{0, 1, . . . , [1/e]}, where the latter square brackets stand for the integer part. For convenience, we will 
often omit the to add the square brackets, assuming that this convention is understood. 



2 Lyapunov- Schmidt reduction of the problem 

In this section we show how to reduce problem (|14p to a system of three ordinary (integro-)difFerential 
equations on R/[0,-L]. We first introduce a metric on the normal bundle N^;, of 7e and then study 
operators which mimic the properties of the linearization of (jl4p near an approximate solution. Next, we 
turn to the reduction procedure: this follows basically from a localization method, since the functions we 
are dealing with have an exponential decay away from 7^ . We introduce a set Kg consisting of approximate 
(resonant) eigenfunctions of the linearized operator L^: calling the orthogonal complement of this set 

(which has to be multiplied by a phase factor close to 6"*"^^^) we show in Proposition 12.141 that is 
invertible on the projection onto this set, once suitable weighted norms are introduced. 

2.1 A metric structure on Nj,, 

In this subsection we define a metric 5^ on 7V7e , the normal bundle to 7^ , and then introduce some basic 
tools which are useful for working in local coordinates on this set. 

First of all, we choose a local orthonormal frame {Ei)i in A''7 and, using the notation of Subsection 2.2 
in [5], we set V^Ej — Pj{ds)Ei, j,l = 1, . . . ,n — 1. If we impose that the Ej's arc transported parallely 
via the normal connection V^, as in Subsection 2.1 of [10], we find that P]{&s) = for all j, L As a 
consequence, see formula (18) in [9j, we have that if {V^)j, j = 1, . . . , n — 1 is a normal section to 7, then 
the components of the normal Laplacian are simply given by 

(18) (A^l/)-'=A^(l/^)=a|,y^ j-l,...,n-l. 

We next define a metric g on A^7 as follows. Given v g A^7, a tangent vector W G T^N'y can be 
identified with the velocity of a curve w(t) in iV7 which is equal to v at time t = 0. The metric g on N"f 
acts on an arbitrary couple {W, W) £ {T^Nj)^ in the following way (see 0], page 79) 



In this formula vr denotes the natural projection from A^7 onto 7, ^ the (normal) covariant derivative 
of the vector field w{t) along the curve tt w{t), and w{t) stands for a curve in A^7 with initial value v and 
initial velocity equal to W. 

Following the notation in Subsection 2.1 of [10] we have that, if w{t) = {t)Ej{t), then 

dt dt ' 

Therefore, if we choose a system of coordinates (s, y) on A^7 defined by 

(s,y)eKxM"-i ^ y,E,{-i{s)), 

we get that 

ffii(s,y) = 5ii(s) +y/fj {V'^.EuVl^^E,)^ = 5n(s) = 1, 
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and 

where we have set dj = We notice also that the following co-area type formula holds, for any smooth 
compactly supported function / : N'^ M. 

(19) / fdVg^ f { f f{y)d^] ds. 

This follows immediately from the fact that det g = det 5, and by our choice of (s, y). 

Since in the above coordinates the metric g is diagonal, the Laplacian of any (real or complex-valued) 
function <p defined on with respect to this metric is 

We endow next N'ji: with a natural metric, inherited by g through a scaling. If denotes the dilation 
X t—f ex^ we define a metric on Nji^ simply by 

In particular, choosing coordinates {s,y) on N^^ via the scaling (s,y) — e{s,y), one easily checks that 
the components of g^ are given by 

(5e)ii(s,?/) = gii(s) = 1; {ge)ii{s,y) = 0; {ge)ij{s,y) ^ Sij. 

Therefore, if ■0 is a smooth function in N"f^, it follows that in the above coordinates (s,y) 

In the case ip{s, y) — e^'^^^u{s, y), for / = Ah'^ (see ([5])) and for u real, we have clearly that 

Similarly to one easily finds 

(20) / fdVg^ ^1(1 fiy)dy] ds. 

2.2 Localizing the problem to a subset of the normal bundle A^7£ 

We next exploit the exponential decay of solutions (or approximate solutions) away from 7^ to reduce 
p4)) from the whole scaled manifold to the normal bundle N^e'- this step of the proof follows closely 
a procedure in [3] . We first define a smooth non-increasing cutoff function : M ^ M satisfying 

li{t) ^ 1, for t < 0; 
rj{t) = 0, for t>l; 
r]{t)e [0,1], for every t e R. 

Next, if {s,y) are the coordinates introduced above in N^e, and if <I>(es) is a section of N^, using the 
notation of Subsection 3.1 in |,10j we define 

z — y — <I>(es). 

We will assume throughout the paper that $ satisfies the following bounds 

(21) ||*||oo + ||$'||oo+£||*"||oo <C£ 
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for some fixed constant C > 0. Next, for a small S > and for a smooth function K{es) > 0, both to be 
determined below and letting h, k : [0, L] W be as in the introduction, we set 



(22) 



V'o.e = ?7e(s,z)V'o,e := V K{es) \z\ 



K{es) 



' h{ss)U{k{es)z), 



where / (to be defined later) is close to the function / (also defined in the introduction). For t G (0, 1), 
we let Se ■■ C2'^(Me) -> C^(Me) be the operator 



(23) 



in 



If we let denote an approximate solution of (|14l) (we will take later ^/^^ equal to '00, e: with some small 
correction), then setting = + 0, we have Se{ip) = if and only if 

where L^{(j)) stands for the linear correction in 0, namely 

(24) i,(0) = -A<,^0 + F(e:E)0-|4r'^-(p-l)l4r'43?(40) in M„ 
and where the nonlinear operator N^{(j)) is defined as 

(25) N,{4>) = + ~^r\^e + 4>) - (P- l)l^sr'^e5R(40)- 

Then, in the coordinates (s, z) we can write 

4> = ri^{z)(j) + Lp 

where, with an abuse of notation, we assume defined on N^e (through the exponential map normal to 
7e) and where the correction ip is defined on the whole M^. In this way we need to solve the equation 



(26) 



Le{ri,{z)(t>) + Le{ip) = Se{i>e) + Ne{ri,{z)4> + ip) in Me 



We will require 4> to be supported in a cylindrical-shaped region in centered around the zero section. 
For technical reasons, convenient for proving the results in the next subsection, we define 



(27) 



{s,z) e N-f, : \z\ < 



1 



K{es) 



and then the subspace of functions in Nji^ 



Hf^ = |m e L^(iV7e;C) : u is supported in Dgj 



Using elementary computations, we see that (pS)) is satisfied if (tautologically) the following two conditions 
are imposed 



(28) 



(29) C^^cp^il-rj^iz)) S,{A) + N,{r]^iz)^ + ip) + 2V g,%{z) ■ V + Ag^rj^iz)(t> in M„ 



where 



(30) 



Cr ip = -Ag^p + V{ex)ip~{l-r}^{z)) l^l"" V + (p " I)l0er-'0s5i(4^) 
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We have next an existence result for equation (j29p : in order to state it we need to introduce some notation. 
For a regular periodic function p : [0, L] — > R, for m G N and r € (0, 1) we define the weighted norms 



(31) 



sup 



(s,z). 



We also recall the definition of k{es) in pOj) . 

Proposition 2.1 Let fc2(s) < ki{s) < ko{s)^ K{s) be smooth positive L-periodic functions in s, and 
T e (0, 1). Then, ifV{s), K'^{s) > fcKs) and if |j'0j||c'T ^ ||S'g(i/)g)||c'T < I, there exists a positive constant 

C depending on 6,T,k,ko,ki and /c2 such that given any (j) with \\4'\\c'-'^ — ^ problem (I29p has a unique 

''I 

solution (f{(j}) whose restriction to satisfies 



(32) 



<C e- 



■ inf 



fc2 + fco 



T^\\SM\\c^^+e- 



' inf 



fcl +fc2 



,). J = l:2, 



'2 1 lei; 



Moreover, if ipl , 'ijj'^ satisfy ||S'e(-0^)|jc-^ < 1, j ^ 1,2, if \\(j)j\\^i,r < 1, j = 1,2, and if ip-ji 
are the corresponding solutions, for the restrictions to we also have 

(33) Mcl>,)-v{<l>2)\\cz,^<c{^e~''''^''^\\SSl)~SS^^^^ 

Remark 2.2 (a) The choice of the norm in ()3ip is done for considering functions which grow at most 
like e^f('^*)l^l, and in particular functions which decay at infinity if p is positive. In the left-hand side of 
P2p we have a negative exponent, representing the fact that (f can grow as \z\ increases. However (we will 
take later ko, ki, k2, K very close), the coefficients in the right-hand side are so tiny that f is everywhere 
small in D^, and indeed with an even smaller bound for \z\ close to zero. This reflects the fact that the 

support of the right-hand side in (|29|) is -ffjj^ < l-^^l < ^K(es) ' ^'^ ^ should decay away from this set. 

(b) We introduced the functions fco,fci and k2 for technical reasons, since we want to allow some 
flexibility for the (exponential) decay rate in \z\. 

Proof. We prove the result only when the manifold M in ([T]) is compact. For the modifications needed 
for M = R" see Remark [13] (6) . 

Consider a smooth non-decreasing cutoff function x '■ [0, 1] — > [0, 1] satisfying 



f X{t) = 

x{t) = t 

< x'{t) < 4 
[ 0<x"(i) <16 



for t < i; 
for i > |; 
for all t; 
for all t. 



Next, given a large constant B (to be specified later) depending only on V and fc2, we define x(s, |z|) as 



X(s,kl) = ' 



fe2(s) 



for \z\ < B; 
forS<|z|<^ 



k2{s) 







for 
for 



k2{S) 

for 2-, 



1 < Ul < 



k2(-s) 



1< Ul < 2-, 



'k2(t) 

for Ul > 2 



'fe2(s) 

B<\z\<2 



B: 



k2(s) 



fe2(s) 



By our choice of x, the function x satisfies the following inequalities (where, here, the gradient and the 
Laplacian are taken with respect to the Euclidean metric) 



iv.xl < 1; 



A.x< 



16 + 4(n- 2) 
B ■ 
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Using the above coordinates (s, z), we define next the barrier function u : ^ M as 

u(s,z) = e'^^^")*^"'^) for|z|<2- 



k2{es) ' 

and we extend u identically equal to 1 elsewhere. By our choice of x, this function is indeed smooth and 
strictly positive on the whole M^. We consider next the linear equation (motivated by ([30]) ) 

C^^^ = ^ onM,, 

where d : ^ R is Holder continuous (with supp{'d) CC D^, see ([35]) below). Since the operator C^^ 
is uniformly elliptic, the latter equation is (uniquely) solvable, and we would like next to derive some 
pointwise estimates on its solutions. To this aim we define 

u{x) 

With this notation, we have that 

uC^^v — vAg^u ~ 2Vg^u • Vg^u = 19 on M^. 

Using the expression of the metric coefficients in the coordinates (s, z), see Lemma 2.1 in [1^, ((2T|) and 
the properties of the cutoff function x, one easily checks that 



A 



< (fc2(5)' + OB(l) + o,(l))u for|2|<^. 



= elsewhere, 
where 0^(1)^0 as e^O and 0^(1) ^ as S ^ +oo. Therefore we obtain that the function v satisfies 



{Cr-kl{s)+OBil) + 0,il))v 



<^ forN<2^, 



1^ ^^^v — ^ elsewhere. 

Since we assumed V{s) > fc2(s)^, we obtain that V — k2{'s)'^ + ois{l) + o^{l) is strictly positive (provided B 
is sufficiently large and e sufficiently small) for \z\ < 2^^, and hence the function v satisfies a uniformly 
elliptic equation with a non-negative coefficient in the zero-th order term with right-hand side given by 
^. Therefore from the maximum principle we derive the estimate 

I'd] 

maxbl < Cmax — , 

M, M, U 

where C depends on the uniform lower bound of the above coefficient. The latter estimate clearly implies 

\f{x)\ < Cu{x) max — , for every x e M^. 



We define next the weighted norm 



miTn.T.u ■= sup 

xeM^ 



C'".-(Bi(a:)) 



which is equivalent (with constants depending on B only) to 11 • ||c™-^ on the set D^. Using the explicit 

-'=2 

form of the function u and standard elliptic regularity estimates one can improve the latter inequality to 

(34) M2,r,n < C||l9||o,r.u. 
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The proof of the proposition wiU now follow from this linear estimate and the contraction mapping 
theorem: in fact, defining 



G^,,{ip) = (1 - %{s, z)) [Se{^,) + N,{%{z)<j} + (^)J +2Vg^%{z) • V<,,0 + Ag^7y,(z)0, 
equation ((29|) is equivalent to 

(35) ^ = C-^G^,e{v). 

First of all, notice that is invertible since we are assuming M (and hence Me) to be compact, see 
the beginning of the proof. Secondly, to apply ([M]). we need to estimate ||G0,e((/?)|jo,T,u, together with its 
Lipschitz dependence in tp: our goal indeed is to apply the contraction mapping theorem. 

Let us consider for instance the term (1 — rj^{s,z))Se{'4'e)- Using the fact that (1 — rj^) is zero for 



\z\< 



K{es) 

(36) {l-r^e)SSe) 



that Sei'ipe) is zero for \z\ > tj^^ and that k2 < K, we obtain 



< C sup 

0,r,u _j -I, 1 

' " <\z\<' 



< Ce 



- Il^e(^e)|lc; 



C-(Bi(z)) 



Now to estimate the remaining terms of G^.e we notice that 
|7V,(77,(z)0 + (p)| < 

Since p > 1, wc can find a number C e (0, 1) such that p — 2 + 1 — C>0, so the last formula implies 
(37) \Ne{r],{z)<l> + v)\<C (m^-'-^{\%{z)<p\^ + |^|'^)(|r7,(z)^| + |^|) + \r],{zW + W?" ] 



cm'-^\%{-A^+v? if ir7,(z)0+¥'i < m-. 

\'q^[z)(j) + ipY' otherwise. 



Using the fact that HV'ellcj i ll^llc';-^ — ^ ^^"-^ reasoning as for ([36]) . after some computations we deduce 
(assuming ||<p||oo < 1, which will be verified later) 



o-e inf - 



(38) + e-^ "'"'-^ll^ll o..+e-^ "-'"^"ll^ll 0,.) 

«1 «1 / 

Similarly, for two functions ipi, with ||iy9i||oo, ||¥'2||oo < 1 and with finite || • ||o.r,u norm we have 

(39) ||G^,e(^l) - G^,e(^2)||0,.,u < (e---'(f-l-C)inf ^ + + 11^1 - ^2h..r,.. 

We now consider the map i-^ G<p,€{^) the set 



^ : ||^||o,.,u<Gi(e- -f^||5,(V'.)||cj^+e- '"^ ^ ||</)||^..) } 



where Gi is a sufficiently large positive constant: notice that if G *8 then ||(/9||oo = 0^(1). From 
P9P it then follows that this map is a contraction from 03 into itself, endowed with the above norm, 
and therefore a solution (p exists as a fixed point of G^^^. The fact that k2 < K implies that the norm 
II • llc^ is equivalent to || • ||o,t,u in (see also the comments in Remark 12. 2p . so we obtain ([5^. A 
similar reasoning, still based on regularity theory and elementary inequalities, also yields (|33[) . ■ 
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Remark 2.3 (a) From elliptic regularity theory it follows that in (|32[) - p3p the norm \\ ■ \\c^ can be 
replaced by the stronger one \\ ■ ||p2.y , yielding an estimate in the norm \\ ■ for any t' G (t, 1). 

(b) In the case M — M" the above proof needs to be slightly modified: in fact the invertibility of 
will be guaranteed provided we work in an appropriate class of functions Y decaying exponentially at 
infinity. To guarantee this condition, we can vary the form of the barrier function u in order that it both 
remains a super-solution of — and decays exponentially to zero at infinity. This is indeed possible 
using the uniform positive lower bound on V, see ([2])' we omit the details of this construction. 

As a consequence of Proposition 12.11 we obtain that solvability of ([T]) is equivalent to that of ((28|) . 

Proposition 2.4 Suppose the assumptions of Proposition [KT\ hold, and consider the corresponding ip = 
(p{(l>). Then ip — ip^ + ri^{z)(j) + ip((f>) solves (fH|) if and only if 4> & Hj^ satisfies 

(40) LM=SM tnD,, 
with 

(41) SM = 5,(4) +iV,(77,(z)(/. + ^(0)) + |4r-V(0) + (p- l)|4r-'43*(4^) D„ 
where rj^, and N,, are given in (|22p . (I23|) and (I25p respectively. 

2.3 Construction of an approximate kernel for 

We perform here some preliminary analysis useful to understand the spectral properties of L^. More 
precisely in this subsection we consider a model case, when the domain (see (|27p ) is replaced by 
[0, L/e] X R"~^ and the profile of approximate solutions is independent of the variable s (only the phase 
varies, periodically in s). As in formula we consider positive constants V, h, k satisfying 

(42) h=[p + v)^; k=[,p + Vy. 

Our goal is to study the following eigenvalue problem, which models our linearized equation 

L^u = \u in [0,L/£] X M""^ 



(43) L,u = -Ag^u + Vu- hP-^Uikyf-^u - {p - l)hP-^U{kyf'^e~'^'^{e~'^'u), 

and in particular we would like to characterize the small eigenvalues and the corresponding eigenfunctions. 
First of all we can write u as 

u = e^^^^{ur + iui), 

for some real Ur and Ui. With this notation, we are reduced to study the coupled system 

-Ag^u^ + {V + f'^)ur -phP-'^U{ky)P-^Ur - 2f^ = Xur in [0,L/e] x R"-i; 
-Ag^u, + {V + P)u, - hP-^uCkyy-'u, + 2/^ = \u, in [0, L/e] x R"-\ 

Making the change of variables y ky and using (|42|) . we are reduced to 



r -j^9_^-AyUr + Ur-pU{y)P-'ur-§^^^Ur in [0, L/s] X M""! ; 
I - Ayu,, + u, - U{y)P-^u, + = ^u. in [0, L/e] x W^-\ 

It is now convenient to use a Fourier decomposition in s of and u,;, writing 

= ^ ^cos J (y) + sin "r,sj(2/)^ , s e[0,L/£\,y e 



T>n—1. 
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u^ = Y^ (cos (^^^) +sin (^^^) u^^sjiy)^ , s G [0,L/e],t/ e R" 

In this way the functions Ur,c,j,Ur^s.jTUi,c,jTUi,s,j satisfy the foUowing systems of equations 

-A,..,,,,, + (l + - C/(y)f-iii,,.,, - ^ur,c,j = ^u,.s,j in K'^ 

A 



If we set = a, = ^ and A = A- then the latter two systems are equivalent to the following one 



(45) 



-AyU + (1 + a^)u - pU{y)P~^u + fiav = A 
^Ay-y + (1 + - U{yy~'^v + /.lau = Aw 



The equivalence with the second system is obvious: for the first one it is sufficient to switch the sign 
of the second component. We characterize the spectrum of the last system in the next proposition: the 
value of /i is fixed, while a is allowed to vary. We remark that it is irrelevant for our purposes to take a 
positive or negative, since we can still switch the sign of one of the two components. 

Proposition 2.5 Let rj^^aa and denote the first three eigenvalues of (|45p . Then there exists /ig > 
such that for /i G [0, fio] the following properties hold 

a there exists ao > such that rja is simple, increasing and differentiable in a for a G [0,q;o], > 
for a G (0, an], f^o < and r]a„ > 0; 

b the eigenvalue aa is zero for a = with multiplicity n, it satisfies > for a small positive and 
stays uniformly hounded away from zero if a stays bounded away from zero; 

c Ta is strictly positive and stays uniformly hounded away from zero for all a 's; 

d the eigenfunction Ua corresponding to rja is simple, radial in y, radially decreasing and depends smoothly 
on a; for a — the eigenfunction of (|45|) corresponding to r]o < is of the form {Z, 0) with Z radial 
and radially decreasing, while those corresponding to ao = are linear combinations of {V y. 11,0), 
j — 1, . . . ,n — 1, and (0, U); 

e let a be the unique a for which rfa = (see a.): then the corresponding eigenfunction is of the form 
{Z,W) for some radial functions Z,W satisfying the following decay \Z\ + \W\ < C'e~^^+''^l''l for 
some constants C,rj > 0. 

Proof. This result is known for /i = 0, see e.g. Proposition 4.2 in [9J and Proposition 2.9 in Fl2j . 

For ^ sufficiently small the functions a rja, a aa and a > Tq will be C^-close to those 
corresponding to /i = 0: therefore, to prove a-d it is sufficient to show that rja, Ua are twice differentiable 
in a for a small, that 4?^ = = 0, and that 4tt" > 0. 

We prove this statement only formally, but a rigorous proof can be easily derived. Differentiating 



(46) 



-AyUa + (1 + a'^)Ua — pU{yY ^Ua + ^JiOtVa — rjaUa 
-AyVa + (1 + a^)Va - U {yY^^Va + 1-J.aUa = rjaVa 



P-'^ii ^ A- iini)^ ^ ■n.n . in K"~^; 

in M"-! 



with respect to a we find 
(47) 

r -Ay^ + (1 + a^)^ - pU{yY-^^ + ^ia^ + 2aua + m^;. - + 
\ -Ay^ + (1 + a')^ - U{yY''^ + + 2ava + = + 
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To compute at a = it is sufRcient to multiply the first equation by Ua, the second by Va, to take 
the sum and integrate: if we choose ^"^^ ^S' /k"-i """^cf "'"^"^(f ~ ^ (choosing for example 

/("a ~^ '^a) = 1 fo^' a's), then with an integration by parts we find that 

9Va. f 2 , 2 o / 



5a 



Using the fact that vq = 0, see d, we then obtain ^^\a=o = 0. The same argument applies for evaluating 

da 



%^|a=Oj since the eigenfunctions corresponding to ctq = always have one component vanishing. 



To compute the second derivative with respect to a we differentiate (|47p once more at a = 0, obtaining 
^y^ + T^- pU{yr-'^ + 2m + 2^0 = in R"-i; 



As for the previous case we get 



Q=0 



SO, using the smallness of ^, the claim follows. 

For the second derivative of CTq, the procedure is similar, but notice that in this case we might obtain 
a multivalued function, due to the multiplicity (n) of <tq^ see b. However, if in the last formula we plug 
in the corresponding eigenfunctions, see d, we still obtain a sign condition for each of the two branches 
of a a (one of them will have multiplicity n — 1 by the rotation invariance of the equations). ■ 

Remark 2.6 Using the same argument in the previous proof one can show that 

drj 



da 

Remark 2.7 Proposition \2. 51 is the only result where the smallness of the constant A is used, see Theorem 
Remark that V = V implies f = Ah"^ , and that fx = 2i, so the smallness of A is equivalent to that 

of fj,. Notice that by ([8]), when A 0, h and k stay uniformly bounded and bounded away from zero. 

We believe that dropping this smallness condition might lead to further resonance phenomena in 
addition to these encountered here (see the introduction and the last section). 

Remark 2.8 Considering (j47|) with CTq replacing rja and for a = one finds that £"^^|q=o = ^l^'^o 
and Cl^g^\a=o — ^(J^uq, where C^v = ~^yV + w — pU{yY^^v, L^v = — A^w + v — U [yY^^v. Since for 



a 



we have (uo,i'o) = i9jU,0) or {uo,vo) = {0,U) (see d) and 



(48) C° {^^U - ^VUiy) ■y^=U; CUy,U{y)) = ~2d,U, 

see Subsection 3.2 in UOf . one finds respectively that 

These expressions, together with (59) in fS^ and some integration by parts allow us to compute the explicitly 
, whose values along the two branches are 

^ (F^ (^ - " - 2^^«*"'-") : - ((' - 1) - 2^'-i""--) ■ 
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Therefore, we find that the second derivatives of the eigenf unctions satisfy respectively the equations 

(49) = f (P - 1) - 2^2^/i2-P+i) V,U - 2W,U - 4A^h^^-P+^y,U; 

oa'' p — 1 \ / 



(50) = f (P - 1) - 2A^<jh^''-P+^) U-2U- 8A^h^^-P+^U. 



,0 9 'Va 

p 

These formulas will be used crucially later on. Below, we will denote for brevity 



(51) ^--29^' J = 21J:=-^. 

The factor i arises in the Taylor expansion of the eigenfunctions in a, and j is the index in (|49p . 

We next consider the case of variable coefficients, which can be reduced to the previous one through a 
locahzation argument in s. To have a more accurate model for the constants k and / in (|44p have to 
be substituted with the functions fc(es) and f{es) satisfying (fTUl). Precisely, in N'^^ we define 

(52) Liu = -Ag^u+F(es)w-/i(es)P~i;7(fc(es)y)P-iu-(p-l)/i(es)P-iL/(fc(es)y)P-ie-*^3?(e-*^u) 

(recall the definition of in Subsection l2.1l in particular, working with the coordinates (s, y) integrals will 
be computed using the co-area formula ((20| ). Before proving rigorous results, we first discuss heuristically 
what the approximate kernel of Ll should look like. Using Fourier expansions as above (freezing the 
coefficients at some s) , the profile of the functions which lie in an approximate kernel of L]. will be given 
by the solution of (recall (|45l) ) 



-Ayu + (1 + a'^)u - pU{y)P-^u + 2^av = Am in M"-i; 
-AyV + (1 + a'^)v - U{y)P-'^v + 2^au = Xv in R"-i, 



(53) 

where A is close to zero. For a small (low Fourier modes). Proposition [23] d gives the profile VyU{k{s)y) 
or iU{k{s)y) (recall also the scaling in y before (|44p ). The remaining part of the approximate kernel is the 
counterpart of that given in Proposition 12.51 e: for variable coefficients it is uniquely defined a function 
a{s) such that 

(54) ria(s) = 0, 

where rja here stands for the first eigenvalue of ([53]) . We denote by {Za(s){k{s)y),Wa(s){k{s)y)) the 
components of the relative eigenfunction. 

We next consider two bases of eigenfunctions for the weighted eigenvalue problems (the operators Z 
and T are defined in p3|) . (|169p and are self-adjoint) 

(55) Z ipj{s) — h{s)^ \jipj{s); Tojj = h{s)~"' pjuj. 

Because of the weights on the right-hand sides, we can choose these eigenfunctions to be normalized so 
that h^ipj(pi = Sji and h~''uijUJi = this choice will be useful in Subsections 14. 2. iT 14.2.21 

These heuristic arguments suggest that the following subspaces Ki g, K2^Si where (5 is a small positive 

constant, once multiplied by e~ ^''^ consist of approximate eigenfunctions for Ll with eigenvalues close 
to zero (this will be verified below, in the proof of Proposition 12. 9( see also Remark 12. lip 

(56) K^^s = spani^h{es)^ (^{^,{es),y yU{ky)) + ie{^'^{es),y)^-U{ky) - |J(^;'(es), 5J(fc2;)) 

(57) K2.,s = span [h{es)^ L,{es)iU{ky) + M^^.(£s)C/(y) - |J^'(es)2U(fcy) 
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j = 0, . . . , I, where 



Here QJ = (5Jj)j=i_...^„_i is the counterpart of in ([?T|) substituting h with /i(s) (the same holds for 2U). 
The choice of the weights (as powers of h) in ((55|) and in i^Ti^^, i^2,(5 are again done for technical reasons, 
and will be convenient below, see in particular Subsections 14.2.11 and 14.2.21 

We also need to construct an approximate kernel with the profile [Z, W), see Proposition 12.51 e. To 
this aim we introduce the functions (recall (|54p ) 



(58) Ql,a(s)= / ^'(^); Q2,a(s)= / W^^(^) ; Q3,a(s)= / 

JR"-1 

and consider the following eigenvalue problem (with periodic boundary conditions) 

By the Weyl's asymptotic formula we have that the eigenvalues Vj (counted with multiplicity) have the 
qualitative behavior Vj ~ —1 + e^j^ as j — s- +cx). Hence, there is a first index (of order i) for which 
Vj^ > 0. Setting i^j = t'jv+j and denoting by the eigenfunctions corresponding to Vj, then we have 

(59) -g^e- -fcVO^ ^ ^'';,Q3 g,; = Coej + 0(eV) + 0(e) if |j| < - 



where (5 > is any given positive (small) constant. Notice that the family can be chosen normalized 
in with the weight tttt (this follows from ([59|) and the Courant-Fischer formula). Next we set 

1 + 2/' ka 



fca V k^a^ + 2rkaQ3.a 
By our choices, the functions /3j and satisfy (this system will be useful in Subsection [ 

.2/3^ _p^2^_2f'^{eC,+kaf3,)^iy,(], + {0{iyf) + 0{e))f],; 



^^^^ I -e'C; - + 2/'|^V/3; - - ^.e, + (0(^/) + 0(e))e, for IjI < ^ . 

Our next goal is to introduce a family of approximate eigenfunctions of which have the profile (from 
now on, we might denote (^a(s), W^a(s)), see ([54]), simply by {Za, Wa)) 

(62) vs.j := {(5j + qj)Za + Ij-^ + i^jW^ + ■ 

the functions are as in (|59p - (|60p . while gj,7j and Kj are small corrections to be chosen properly so 

that Ll{e~^^'^V3j) = i'je~^^^^V3j, up to an error o{i'j) + 0{e). 

With simple computations, using (|46)) . (|47l) . Remark l2.6l and ((6T|) . one finds that 



Z^2f'^ [2gi.„7jfc + (eC;- + kal3,)] + W^2f (-7,fc - (e^^ + /3,fca) - kaq,) 



■'^^anrl/ ; I /\ , -dWa , 2 II 2i2 \ ^ ry i 2 II 2i2 \ 

I— — 2/ l—kaKj + £7 ) + I— — (— £ K — a K k,) + Zq(— e — a k qj) 
da ■> J J J J J 

,2\ I rM^wc I /rM.:i\ 



+ (0(;./) + 0{e))i, + (0(^.^) + 0(£))/3,. 
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To make the coefficients of tlie terms Zc, Wa and iWa in the second and fourth lines vanish we choose 



Using ([60]) we get 



' 2fc fc2a2 + 2/'fcaQ3,„ ^' " 2fci + 2/ 



/ V3.. 

fee 



these equations and (|59|) imply the relations —e'^jj—a'^k'^jj = 0{i'j)(3j,—eK'j — ka-fj — 0{v'j)f3j,—kaKj-\- 
= 0(i/|)^j and — s^k" — a^k'^Kj = 0(i/|)^j. Similarly one finds 

This also yields — 7jfc — (e^j + (ijka) — fca^j = 0{v'^)[3j, —Kjk — fca^j + + eg^- = 0{h'j)^j and 
—e^q'j — a'^k'^qj = 0{vj)(3j, so we obtain 

(65) Li(e-'^z;3,,) = i^^e-^^vs,, + {0{,y]) + 0(em, + {0{,,^) + 0{e))P, for |j| < ^, 
which was our claim. We next define 

(66) ^3,5 = span I {(3j + qj)Za + 1o~q^ + + ^'^i~q^ ■ ^ ^ ~y ' ' ' ' ' ~ 

In the Ki^s^s we added some corrections to the approximate eigenfunctions which take into account the 
variation of the profile with the frequency, see the derivation of (|45|) and Remark 12.81 In Ki^s and K2,s 
the corrections are up to the second order (in ej), while in K^^s only up to the first: the reason is that 
the corresponding eigenvalues have a quadratic dependence in ej for Ki^s and (they correspond to 
rja in Proposition 12. 5[) . and an ajfine dependence in ej for K^^s (corresponding to /ic in Proposition 12. 5[) . 
Since the former dependence is more delicate in the indices, we need a more accurate expansion of the 
eigenfunctions. We finally set 

(67) Ks = span {Ki^s, K2,5, ^3,5} • 

2.4 Invertibility of in the orthogonal complement of Ks 

Since Ks (multiplied by e"*"^^^) is a good candidate for the span of the eigenfunctions of Ll with small 

eigenvalues, it seems plausible to invert on the orthogonal complement to e * » Kg: this is the 
content of the next result. We recall the definition of the constant A in the introduction. 

Proposition 2.9 There exists Aq sufficiently small such that for any A G [0,,4o] the following property 
holds. For 6 > small enough there exists C > ( independent of S) such that if 

(68) 5i / e-''^v'$dVg^ = for all v e Ks, 

one has ||n£L^(0)||i2(^^^-) > C'^^S'^\\(l)\\i^2^pf^^y Here denotes the projection in L'^{N^^) onto the 
orthogonal complement of the set ^e^^^~^^v : v £ Ks^- 

Before starting with the proof, which relies on a localization argument and the spectral analysis of 
Proposition 12. 5[ we introduce some notation and a preliminary Lemma. We fix s e [0, L] and we denote 
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by /, h, k, a the values of f (s) , h{s) , k{s) , a{s) respectively, so that the counterpart of holds true. 
For a large constant Co to be fixed later, we also define 

Ki^s = span l{^,{es)yyUiky)) + ie{^'^{es),y)^uCky) - ^{'p'^ies)Mky)) \ ; 



j=0,...,^,and 



K2,5 = span < ( ujj{es)iU{ky) + 



2e/'(es),, 



u:r{es)U{y) - j-iJj';{es)W{ky) 



where 
(69) 



K3.,i,s = span I cos(q!js)2'q^. {ky) - i sin{ajs)Waj {ky) : j 



K3,2,5 = span < sm{ajs)Za^ (ky) + icos{ajs)Wa^ (ky) : j = --5;— 



^ = ( I u + ^^U{ky) ■ y 

\hP-^{p-l) 2k . 



j = - 






5- \ 


'Cos'- 










5^ \ 


j = - 


Cos'' 




aj = 


akL 




2tt£ 


27r£ ^ 


- i 
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(again, the latter square bracket stands for the integer part, and this choice makes the functions L/e- 
periodic). In the above formulas {(pj)] are the eigenf unctions of the normal Laplacian with the flat metric 
on 7, and Cbj those of &^ on [0, L] : the symbols , Wa - stand for the components of the eigenfunctions 
of (|45|) corresponding to rja. . In analogy with ((67)l we also define 



(70) 



Ks = span \ Ki^s,K2.s, K3^i,s, i^3,2,5 



}■ 



Given a small constant 77 > to be chosen later (of order Ve), we consider then a smooth cutoff function 
Xr] (depending only on s) with support near - and with length of order ^. For example, one can take 
Xriis) = x(~(s — s/e)) for a fixed compactly supported cutoff x which is 1 in a neighborhood of 0. The 
next result uses Fourier cancelation, and is related to Lemma 2.7 in [12] . 

Lemma 2.10 There exists Cq sufficiently large (depending only on V, L and Aq) with the following 
property. For any given integer number m there exists Cm > depending on m and Xv such that for 
111 < -|— and for |/| > — one has 

'■^ ' — Cos I I — e 



Xr,is)^i{s) cos{ajs)ds 



Xi)(s)6(s) sm{ajs)di 



V. 



Proof. We clearly have that (cos(Q;js))" = —ajCOs{ajs): therefore, integrating by parts, after some 
manipulation we obtain that 



X»?6(s)cos(ajs)ds 



1 



(71) 



Xr]£,i{s) cos{ajs) fc^a^ — k'^a^ + 



1^1 



1 + 2/- 



1 + 2/'% 



fed 



COS 



{a,s) [x;'c,(s) + 2x;^;(s)] 
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By dMl) the numbers satisfy a, ~ ka + ^ for |j| < while by §9^ > \CqS^ for |;| > ^. 

Notice also that 1 + 2/'^^ is uniformly bounded above and below by positive constants when Aq tends 
to zero (see for example the comments in Remark 12 .7^ . By these facts and the properties of Xn we find 



Xr)ii{s) cos(djs)di 



1 C 



77(l + |z/z|) + - 

'7 



which yields the statement for m = 1 (similar computations can be performed to deal with the sin 
function). The factor ^ inside the brackets arises from the fact that we are integrating over the interval 
[0, -L/e], and by the normalization of (see the comments before (15^1) *)■ To obtain it for general m, it is 
sufficient to iterate the procedure for (|7T1) m times and integrate by parts. ■ 



Proof of Proposition 12.91 The proof mainly relies on a locahzation argument and Lemma 12.101 If 
77 — \fe and Xn is as in Lemma l2.10| we show next that the function Xrii> is almost orthogonal to e"^^'^ Ks 
if £ is sufficiently small. We consider for example a function v € Ks^i^s of the form 



-0= ^ bj cos{aj s) (ky) - isin{ajs)Waj{ky) , 
for some arbitrary coefficients {hj)j, and we also set 

Coe 

^ = Y [cos(Q;js)Z„(es)(fc(s)2/) - ism{ajs)Wa(ss){k{s)y)] 



Coe 



We are going to evaluate the real part of the integral e ^^^vxr]<j)- first of all, since \k{s) — k\ < Crj 
and |dj — a{s)\ < C{ri + 5"^) on the support of Xrj we have that 



\\Zc{es){k{-s)y) - ^a,(%)||L2(R„-i) = 0(77 + <5') 



so, clearly 



(72) e-'f^Xv^^'^f e''f'vXn^ + 0{v + S^)\\x^<j>\\LHNyJv\\mN^E)- 



We next write 'w{s) = Xvi^) 12'^°^ 52 ^3 sin(djs), and notice that 



Coe 



(73) w'{s)^x'^is) Y ^jsin(djs) +x^(s) ^ 6jdjCos(djs) 



^2 
Coe 



Coe 



Coe 



kaxrjis) Y hcos{ajs)+Xr,is) Y sin(djs) - Xr,(s) ^ 6j(fca - d^) sin(djs). 



^2 
Coe 



S2 
Coe 



Coe 



Using this formula and the same argument as for (|72|) we get (recall our notation before ([62)) ) 



(74) 



Xr,V = -^w'{s)Za - iw{s)Wa + 0{lj + S'^)\\XrjV\\ L^(Nj,) ■ 

ka 
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Notice that, by the expUcit form of w and aj, for any integer m one has ll^wH^m^o i/gj) < C'm||i')||^2Qo l/e])'- 
therefore, if we write w with respect to the basis i^; as (notice the shift of index before ([59])) 

oo 

(75) w{s) = 

l = -3e 

we also find that 

(76) 5^ (l + |^^;ir^?<a.||u'll 

l=-Oe 

Differentiating (|75p with respect to s and using the definition of together with ([50]) we find that 
w'{s)^ kei'iies)^ ^ bi{-ka + 0{vi))Pi{es). 

1 = -3e l = 

The last formula and ([71]) imply 

oo oo 

X^i = - Y HPlZc. + i^lWa) + J2 biO{ui)f3iZc,+0{i] + 6^)\\x„v\\LHN-y,) 

oo oo oo 

(77) = - J2 'biV3,i+ J2 biiv3,i - PiZc, - i^Wc.) + J2 biOiiyi)PiZc, + OiTj + 6^)\\xnv\\LHNj,)- 

In the support of Xri there exists ^ G M such that = fs + 6 + 0{ri), which yields 

ve'^^^Xnl^ = / ^<i~'^Xn'^+C>{7])\\(t)\\msuppix^))\\v\\L^N'Y,)- 

Now, recalling that 77 = ^/e and that we have orthogonality between (j) and e~'^^^^ Kg, from the last two 
formulas we obtain that 

1 — A, ^ A„ A„ ^ n(r. -X- a2 



(78) / ve '^'xn<P^Ai+A2 + A3 + 0{Ti + 5')ML^^supp{x,))\\v\\L^{N^,)] 

Jsupp(x^) :u~~.5^ JuiLppiXr,) 



^ 00 
Jsuppixn) 



To estimate these terms we notice first that, by the normalization of before (pD]). the coefficients 6z in 
([75)1 can be computed as 

w{s) ^ ~ f^'' sin(ajs) 



- w{s) ^, ~ sin(a,s) ^, 

Using this formula, Lemma 12.101 and the Holder inequality we find that for any integer m 

/ Coe V 2 Cqe 

(79) 6?<a.e^™+^ E l^.l <^™^""^' E ^,^<ane^"+^||^|li.(^,,); 1^1 > 



«2 ^ ■ 52 
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From the exphcit expression for the functions v^^s the above term Ai can be estimated as 



As before, the factor i inside the brackets arises from the fact that we are integrating over [0, L/e]. 

Using the fact that C-^\el\ < \vi\ < Ci\el\ + e^P) for |;| > f- (which foUows from the Weyl's 
asymptotic formula for the eigenvalue problem in ((55)) ). ((7S| and ((75|) . one finds that for any large integer 
m and any d G (1,to/8) 



)("'-4)||{)||2 



By the arbitrarity of m it follows that for any m' G N 

l^ll < C„i'e" \\v\\L^N-f,)\mL'^(supp{xv))- 

Dividing the set of indices I into {\l\ < ^} and {\l\ > ^} and using similar arguments (taking also into 
account ((55)) and ((M)) ) we get 



/I °° - \ ^ 

|^2| + l^al < C'||0||l2(,„pp(^j) E (^f + '^f)^?j < CS^\\(t>\\L^supp(xn))\\'"\\LHN',,)- 

Therefore, using ((72)l and ((78| one finds 



/ e *-''^ux^0 = 0(7? + (52)||(/«|li2(s„pp(^^))||{;||i2(^^^); w G ifa,!,^- 

Similar estimates hold for v G span{Ki^s, K2^s, -^3,2,5}, so we obtain 

(80) / e~''^''vx74> = 0{5'^ +ri)\\(l)\\L2(supp(x^))\\v\\L^(N'i,) for every w G ^Ts- 

Next we let denote the operator in ((43)) with coefficients freezed at s. Since e~'^^^Ks consist of all 
the eigenfunctions of (up to an error o((5^)) with eigenvalues smaller in absolute value than J^, see 
Proposition 12 . 51 and Remark 1 2. 8 [ from ((50)) we then deduce 

(81) ||Le(e~'-^^Xr,0)||L2(iV7,) > -^WXn^L-'iN'^,) + 0{5'^ + 5'^'n)\\<t>\\L''{supp{xr,)) 

for some fixed constant C independent of 5. 

It is now possible to choose the cutoff function x (see the comments before Lemma [2.10^ so that it 
is even, compactly supported in [—2,2], x = 1 in [—1, 1], and so that x(2 — t) + x{t) = 1 for i G [1,2]. 
With this choice, we can find a partition of unity {Xnj)j ^/^] consisting of translates of Xr; (plus a 
negligible scaling) , with j running between 1 and a number of order . For each index j we choose a 

point Sj in the support of Xn.j and we denote by Lj the operator corresponding to ((43|) with coefficients 
freezed at Sj. Then, using ()8H) . with easy computations one finds 

W^mhi^N^^) = \\LlJ2^'^^^'^\\l^N',.) ^ \\J2^3(^^n,j(f')\\l2^j^^^)+0{y^)\\(t>\\l2(^Nj,) 

j 3 
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for some C independent of S. To complete the proof we need to bound from below the norm of II^L^c/), 
showing that ||neL^0|||2(^^ ) > fTll'^llL2(Ar7 )• ^o see this, by the last formula it is sufficient to have 

(82) (i^0,e"''^i;)i2(Ar7^) = o((5^)||(?!)||i2(jvT,,)||t;||i2(jvT,,) for any v e Ks- 

We prove this claim for v e Ki g only: for the other Kj g^s the arguments are similar, see Remark 12.111 
below for more details. Setting v ~ v,, + ivi one finds (see (|15p ) 

n if(^s) if (es) if(c3) / d^Vr d^Vi\ ^ _l£(££i / OVr dv. 

L^{e ^ v)^e ' {CrVr + ^C^v^) - e - \-^+i^J+2ife - (^^+^^ 

When differentiating v with respect to s, we either hit the functions (/Jj's (and their derivatives) or other 
functions like k{es) or f'{es) (see the definition of Ki^s above). The latter ones have a slow dependence 
in s and therefore these terms can be collected within an error of the form 0{e)\\v\\]^2(^i^^^y 

However, by our choices of the second and the third parts of the elements in Ki^s (see Remark 12.81 
in particular formulas (j48p . (|49p and (jSOp ). terms containing zero-th or first order derivatives of ipj will 
have coefiicients bounded by e, while the only term containing second derivatives of (pj will be a linear 
combination (in j) of the expressions 

-e^Mes)^ (^l-^h{sr-<^y^'^{ss),VyU{k{s)y)), J=0,...,^. 

The remaining terms will contain third and the fourth derivatives of tpj only (multiplied respectively by 
and e**). Therefore, if we set 

vi^, = hies)^ (^{ip,ies),VyUiky)) + ie{ip'^ies),y)Lu{ky) - £^((p;'(£s), QJ(fcy)) 

by the above comments and the fact that Z'fj — h{es)^ Xjipj (see (l55t ) we have 

11 1 

(83) L^(e~'— ^ajuij) = e''— XjajVij + R{v); v = ^AjWij, 

j=0 j=0 j=0 

where R{v) contains terms of order e or linear combinations of third and fourth derivatives of ipj{es), so 
using Fourier analysis one can derive the estimate 

(84) ||i?(«)|U2(jv7^) <C(i^a2(e + e3/)')* <C(£ + <53)||i;|U2(^^^), 



for some constant C > 0. Therefore, using ([83)) and ((84)) we obtain 

(ij(/),e"'^w)i2(^^^) = 0(e + <5^)||</)||L2(^^^)||'y||i2(jv7,), 
which yields (|82)) and concludes the proof. ■ 



Remark 2.11 The last step in the proof of Proposition \2.9\ is nearly identical for v G K2.S except that, 
still by the computations in Remark \2.8l in the counterpart of (|83)) we will obtain pj instead of Xj ( see 

li 

(|55)) ). When considering K^^s, setting v — J2 a2 CLjVs.j (see (|65)) ) one finds 



(85) Ll{e-^^v)=e-^^ ^ ,.,a,V3,j + Mv); 

^ 1 
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2.5 Invertibility of in weighed spaces 



Our goal is to show that the hnearized operator (see (|24|) ') at approximate sohitions is invertible on 
spaces of functions satisfying suitable constraints. We begin with some preliminary notation and lemmas: 
we first collect a decay properties of Green's kernels in Euclidean space. Let us consider the equation 

(86) -Au + u = f inM""\ 

where / decays to zero at infinity. The solution of the above equation can be represented as 

u{x) = / Go(|a; - y\)f{y)dy, 



where Gq : R+ K+ is a function singular at which decays exponentially to zero at infinity. Using the 
notation of Subsection 12 . 21 and standard elliptic regularity theory, one can prove the following result (the 
choice a> \ for the Holder exponent is technical, and is used in the proof of Lemma [2.131 . 

Lemma 2.12 LetQ > Q, a > \, let Q < t < I, Q < < I and let / e G". Then equation has 
a (unique) solution u of class G^^" which vanishes on (9i3g-(0). Moreover, there exist <;o > sufficiently 
close to 1 and Gq sufficiently large (depending only on n, a, minjQ, 1} and <;) such that for "^o ^ < 1 

||«|U?,» <Go||/||c?. 



Let now t,c, £ (0, 1) (to be fixed later). For any integer m we let G^'^ denote the weighted Holder space 

(87) Gr'" = |«:R"-i^C : sup e^l'^l IjuHc^.^Bife)) < +^ i • 
We also consider the following set of functions L/e-pcriodic in s 

(88) L'(G"") = |u:[0,L/e]xM"-i^C : s m(s, •) € ^'([0, L/e]; G^")} , 
and for I £ N, we define similarly the functional space 

(89) h\c^''^)^ {u:[0,L/e]xW''-^ : s ^ u{s,-) e H\[0,L/e]:,C^'^)} . 



The weights here are suited for studying functions which decay in y like e^'^' , as the fundamental solution 
of — Aan-iM + w — 0. The parameter <, < 1 has been introduced to allow some flexibility in the decay rate. 
When dealing with functions belonging to the above three spaces, the symbols || • || ■ 11-^-2 ^^m.^^, 

II • Wjji^-^m.T^ will denote norms induced by formulas ([ST]) . ((88|) and ([89|l . Also, we keep the same notation 

for the norms when considering functions defined on subsets of [0, L/e] x M""^. 

We next consider some positive constants V, f, h, k which satisfy the relations in ([8]). If 6 and Kg are 
as in the previous subsection and S as in Section [2l letting 



i?i.e-[0,L/e]xS_7^^(0)C[0,L/e] 



X 



7)71—1 



we define the space of functions 

:=<</>: 5f / 0(s, y)e-'f''v{s, y/Vv) = for all v £ Kg 



D 



L.e 



This conditions represents, basically, orthogonality with respect to Kg (multiplied by the phase factor), 
when the function (f> is scaled in y by ^/V . This is a choice made for technical reasons, which will be 
helpful in ProDOsition l2.14l We next have the following result, related to Proposition [2?9] once we scale y. 
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Lemma 2.13 Let ^ < t < I and <j G (0,1). Then, for S small there exists a positive constant C, 
depending only on p, t, L, V and f , such that the following property holds: for f small, for e ^ and 
for any function b £ L (C^) there exist u S H^, o,nd v G Kg such that, in Dl.c 



(90) 



-^9lu -Ayu + u- hlJ.u{yk/VV)P~^u -{p- l)ti^U{yk/VV)P-^e-'f''n{e-'f''u) 
= b + e-'f'v; 



u — on SDl.e, 
(notice that v above is intended scaled in y) and such that we have the estimates 

C 

(91) \\u\\j<>02..s^ + WuWjjif^-^i..^ + \\u\\jf2^.^ < — inf ||b + e"*^"w||-j;2^^x^; 

(92) < cil&llr^(c;)- 

Proof. First of all we observe that a solution to (|5D|) of class exists. In fact, replacing £'L,e with 
[0, L/e] X R"^^, this would simply follow from Proposition 12.91 with V = V. However, since the functions 
in Ks decay exponentially to zero as \y\ —^ +oo the Dirichlet boundary conditions do not affect the 
solvability property: for more details see for example [T^, Lemma 5.5. Notice that indeed, by ([7]) and 

Proposition 12.51 e. the elements of Kg decay at the rate e~^'^', and by ([8]) fc > V^. In particular 
||w||-j-2^^T^ is finite and ([92|) holds. We also have (|9ip replacing the left-hand side by the norm of u. 
We divide the rest of the proof into two steps. 



Step 1: u e L^lCl) and ||w||-^2^^x^ < |J|jb||-j^2^^x^. We set u = e and c = e '•^"'*(b + v), 
satisfies 

-Av + (1 + f^/V)v + 2if/VdsV - ^U{yk/Vv)P-^v 
ip-i — 



so V 



-{p-l)!^Uiyk/VV)P-^^iv) = c in S,-i+i(0), 

v^O on aB^_7+i(0). 

We now use a Fourier decomposition in the variable s: setting 

c(s,y) = ^c,(y)e^^-; v{s,y) = ^ z;,(y)e'^", 

j 3 

(here we are assuming for simplicity that L = 2tt) we see that each Cj belongs to - , that 



(J 



and that each Vj solves 

f -A,«, + (i + £±£!|^) V, - hifuiyk/Vv)p~S 

(94) I -(p-i)h^u{yk/Vf)P-'^iv,) = c, ini?,-.+i(0). 

From elliptic regularity theory, we find that for any R > there exists a constant C depending only on 
R, p and r such that ||i'j||c^(Sii) ^ ^Ikjllc^ + C'II^jIIl^- Now we choose R (depending on p and (^) so 
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large that p^^-^U^ ^(yfc/V^) < ^(1 — (;) for \y\ > -j, and a smooth radial cutoff function x such that 
x{y) — 1 for \y\ < ^, and xiv) = for \y\ > R. Next, we write equation ([M]) as 

f -^yv, + (l + /!±£!|z:2i£2) _ (1 - ^)ph^u{yk/VV)P-^v, = I, + xph^U{yk/ VVy-^v,, 
\ v-j^Q on 9B^-7+i(0). 

We notice that the first linear coefficient of Vj is bounded below (uniformly in j) by 1. Therefore, using 
the Green's representation formula, the maximum principle and our choice of R (see Lemma I2.12p for 
any < ^ we then have the estimate 

hjWci, < c(l|cj|lc; + hjh^) 

for some fixed constant C depending only on p, <7 and t. Taking the square and summing over j we get 

We next want to replace in the last formula ^' with <r. Rewrite (|90|) as 

Hp - l)^U{yk/\/V)P~^e-'f'''^ie~'f'''u) + b + e-'^^v; 
u = on dD]^^^. 



Using the same procedure as above, write c(s, y) = ^ Cj(y)e*-'^* and u{s, y) — ^ ■ Uj{y)e 



ijes 



We 



consider now the function ^Uj: by ([7]), if we choose + > it follows from the above 



estimates that ||c||-^2^^t^ is finite and that 



C, 



2 



Moreover uj satisfies 



Also, it is easy to show 



Uj ~ on 9i3^_a_^^(0). 



(95) = [ll^^lll^- + (1 + + (1 + eV + eV)ll%ll|: 

i 



and therefore we are reduced to find estimate ||wj||L2,T, and done in the next step. 

Step 2: proof concluded. We now set = 1 + ^J-, and Vj{y) — Uj (^-^^. Then, from a change 
of variables we have the equation 

r -Av,iy)+vM = F,{y) ^i, (^) in B^^^^,^^, (0), 
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Notice that aj > stays bounded from below independently of j, and therefore by a scaling argument 
(and some elementary inequalities) one finds 



sup \F,{y)^F,{z) 



(96) 



\ijiy/V^) - Cj(^/Va7)| 



1 

= — sup 
C 

< — sup \cjiy/^) -ij{z/^)\ 

y,zeBi(x) 



< 



sup \y — z\ e 



where C depends on t only, and hence we get 
(97) 



Now Lemma 12.121 implies that |luj||^2,T < ||cj||^T. From this estimate, we will obtain next some 

control on Uj by scaling back the variables. 

We consider an arbitrary x G IR"~^: similarly as before we have 



sup — ^-j 7^ = sup — 

y,z£Bx(x) \y ~ ^1 y,zeBi{x) 



Since aj can be arbitrarily large, we cannot evaluate the difference Vj{,Jajy) — Vj{,Jajz) directly using the 
weighted norm in the definition (|87p (as we did for the first inequality in (j96p ). since the two points ^foTjy 
and ^Jajz might not belong to the same unit ball. We avoid this problem choosing \^faj\ (the integer part 
of yjoj) points (?/'); lying on the segment \^fa^jy^ at equal distance one from each other, and using 

the triangular inequality. Now the distance of two consecutive points and y'"*"^ will stay uniformly 
bounded from above, and the minimal norm of the y^'s is bounded from below by ^faj(\x\ — 1). 
Therefore, adding \^faj\ times the inequality and using (j97p we obtain 

_(|x|-l) 



\u,{y) ~ u,{z)\ C 

oU]J . . 

y,zeB,{x) \y-ZV 



y-zVa^i 



< 



c 



1+r- 



y- z 


e ^ 






C 
< — 



5 Gi 5 



since we chose t > ^ and since aj is uniformly bounded from below. Similarly, taking first and second 
derivatives we find that 



sup 

y,zeBi(x) 



sup 

y,zeBi(x) 



\Vu,iy)-Vujiz)\ ^ C 



\y-z\' 

|vS(y)-vS(^)l 
\y-z\- 



where, again, C depends only on r. Recalling that aj ~ V + e j , we have in this way proved that 



ll^ll^.,. <q|i,||^^; \\u,\\L. < 



c 



\\Uj 



C 



Now the conclusion follows from ([93|) . ((95|) . the last formula and the fact that 
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see the beginning of Step 1. ■ 



We next consider the operator in D^, see ^IQ, acting on a suitable subset of Hjj (verifying an 
orthogonahty condition similar to ([SB])). We want to allow some flexibility in the choice of approximate 
solutions: to do this we consider a normal section $ to 7 which verifies the following two conditions 

(98) espan\h'^ipj : j = 0,...,-^; ||$||h2(o,l) < cie. 

Here {ipj)j are as in ([55]) . while ci is a large constant to be determined later. Notice that by (|98|) we have 
II*5'"'IIl2[o,l] < C, which implies < C, so also (PTt holds true. This will allow us, in the next 

section, to apply Proposition [Til Next, we define the variables 

(99) z = y-$(£s). 

In the above coordinates (s, 2), we will consider the approximate solution 

(100) 4 = e-^^77e {h{es)U{k{es)z) + Ui{s, z)) ^o,e + i^e, 
where es — s, and where /, Ui satisfy, for some fixed C > and r G (0, 1) 

(101) \\f-f\\mao,L])<Ce'; |C/i|(s,2)<Ce(l + |z|^)e-^-(^)l^l; 

(102) \\\hU{k-) + Ui\P-^ ~\hU(k-)\P-^\\c^ <Ce in D,. 

With this choice of tp^, we are going to study the analogue of Lemma [2.131 for L^, see ([24[) . using a 
perturbation method. 

To state our final result we need to introduce some more notation. Recalling the definition in (|87p . 
still using the coordinates (s, z), for r e (0, 1) and > we define the function space 

(103) L^iC^v) ^{u:D,^C : uisr/Vn^)) G L\[0 , L / s]; C^i' )} . 
Also, for m e N, we define similarly 

(104) H\C^y^) ^{u:D,^C : u{s, •/ V^^) G H\[0, L/s];C^f)} . 

We next let Ks be the counterpart of Ks (see ([57)) ). when we replace the coordinates y by z. Finally, we 
denote by the following subspace of functions 

(105) He ■■= l^cjye H^,^ : y" e~*^w0 = O fov all v e Ks 
Defining 

(106) II • \U^v ■■= II • IIl2(c'_-) + II • + " ' ll-»'(c;,v)' 
we have then the following result (recall the definition of in ([?7)) ). 

Proposition 2.14 Suppose < <r < 1 and ^ < r < 1. Suppose ip^ is as in ()100|) . with f,Ui satisfying 
pOip . Then, if K'^(es) — V{£s), if A and S are sufficiently small, in the limit e — > the following 
property holds: for any function b G L^(CJ'y) there exist u G H^, and v G Kg such that 



(107) 



-Ag^u + V{ex)u - |4|^~^" - (P - l)|Vie|P->£5R(V'ew) = b + e~^^v m 

u = on dDr 



is solvable, and such that for every < there exists some C > for which we have the estimates 
^ ■ f 

0^ vi^Ks 



(108) ||u||,.,y < § inf \\b + e-'^v\\LHci,)\ ll£lU^(c;,,) < C\\b\\mci,y 
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Proof. We divide the proof into two steps. 

Step 1: solvability of (I107|) . First of all we notice that, from Proposition 12.91 and from elliptic 
regularity results, if denotes the subspace of function in H'^{N^i.) satisfying ((68|) . then the operator 
L\ is invertible from {H^, \\ ■ \\H'^{N-y^^)) onto {IieLP'{N^e)i II • \\l'^{N'j^))\ moreover the norm of the inverse 
operator is bounded by 

By the comments at the beginning of the proof of Lemma l2.131 we also deduce the following property. 
Given h e L"^ {{\y\ < (e^^ + 1)/K{es)}^ there exist u e ({|y| < (e^^ + l)/K{ss)}^ and v£Ks such 
that 

LeU := -Ag^u + Vies)u-h{es)P-^U{k{ss)yf-\ 

(109) - ip-l)h{es)P-^U{k{es)yy-'^e-'^^ie-'^u) = b + e-'^v in {|y| < (e^^ + l)/if}; 
3? / _ ue~'^^^vdVg^ — for every v € Ks- 

■J{\v\<ie-' + l)/K} 

Again, we have the estimates 
(110) 

c 

M\H^{{\y\<(e-^+l)/K}) ^ ^ H L2({|y|<(e-^+l)/K}) ^ \^^h^({\y\<{e-^+l)/K}) ^ ^\\^h^i{\v\<{e-^+l)/K})- 

Using a perturbative argument, we show that we can recover the same invertibility result for (|107p where, 
compared to p09p . we need to substitute y with z, Ag^ with Ag^, / with / and e'~'^^~^hU with -i/ig. 
In fact, let us denote by IIj, and the orthogonal projections in onto the orthogonal complements 

of the sets {e~''^^v : v g A'^}, {e~^^^v : v g Ks} with respect to the scalar products induced by 
the metrics ge and ge respectively. By (j98| . Lemma 3.1 in [10] and (|101|) for every u G H'^{De) and every 
b e L'^{D^) one has 

||L^M - L^mII < C(ci)e|lu|| - n^6|l < C(ci)£||6|l ^2(^5^), 

where C(ci) is a positive constant which depends on 7, V and the constant ci in (|98p . 

From (|110p and the last formula we deduce the solvability of (|107p . together with the estimates 

WuWhHd.) < J^Ml^d,) and ||£|Il2(d,) < C'II^IIl^^,)- 

Step 2: proof of (jlOSp . Recall that the coordinates y (see the beginning of this section) are not 
global, since they are defined locally in s by normal parallel transport: the same holds of course for the 
coordinates z. Therefore, if we prolong the z's along 7^, there will be a discontinuity between and L/e. 

To reduce ourselves to the periodic case, as in Lemma [2.13[ we apply a rotation i?^ = Re{es) to the z 
axes which makes the coordinates z := R{es)z periodic in s. To compute the Laplace-Beltrami operator 
in the new coordinates z one should apply the chain rule in this way 

In particular, since i?^ is orthogonal, d^.^.u = RmjRtjdj^^^u — {Re)mj{R~^) jtd^^^^^u = namely 
the main term in the Laplacian stays invariant. Taking into account Lemma 3.1 in |10j and the last 
formulas, for e (<^', <j) one finds 

(111) W^lu - AIuWl^c;,, ^) < C{cMM.".y- 

We use next a localization argument as in the proof of Proposition 12.91 If Sj and Xv-j are as in that 
proof, by (jlOip we can find 6j € M such that ^^^^ — fjs — 9j = 0{^/e) in the support of Xn.j- H set 
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A^''^^'' — A^„_i + dg^, and if we scale the z variables by K{es) — y^V{es), the function Xri,j{s)u{t 
(which is now periodic in s) satisfies the equation 



-<5 



-{p-lY-^U{zkj/^VjY \"^f'+^'^'>n{e-'^f^'+'^'^^Xr,-j^) = in {1^1 < (e^* + l)/K}; 

Xv,ju = ' on{\i\ = {e'' + 1)/K}, 



where 



In the last formula, the functions b,v, V and V'e Siie intended scaled in z by y^V{es). Reasoning as 
for dHOD, from pUS)) one finds that J^^ e'^'-f^^-'^' vxnjlj = 0{5'^ + v^)||0||l2(s«pp(x^,,)) ll^llL2(i5,) for every 
V e -fC^. Moreover, as for (jllip one can show that 

IK^L -^R"^'')Xr,,jW|lx2(c;„) ^ C-lc^e (llXr,jU||;j;2(^2,.^ + 1 1 ^^^^^-^ | ^^1 ^ + || ^ ^ ) . 

Therefore, using Lemma [2331 (jlOll) and (I102p we obtain the estimate 

C 

c c 

(112) < p\\Xv,MT\cl„) ^ ^"^"•^■-"i'cc:,,) 



where the last symbols denote the restrictions of the weighted norms to supp{xrj,j)- Recall that the 
functions in the previous formula have been scaled in z by y^V{£s): therefore, from the uniform continuity 
of V{s), for some C > we have (recall that G , <;)) 

^llxrjjwlU'.y < Wxv-M-' VyW-)\\L\ci;:) + \\xv-M-' VyW-)\\H^(ci;r) + \\Xv-M-' ■)\\h\ci„)- 

A similar inequality holds for the restriction of u to the support of Xrj.jj together with 

\\Xri,jb{-, V^(s)-)llr"(c;„) + WXrijUi-, VyW-)\\L\c;„) - ^ {WXvMl^CI,,} + \\Xv.j11\\l^{CI^)) ■ 

Using the last two inequalities, taking the square of (|112p and summing over j, we can bring the last 
term in the right-hand side to the left, so we get pOSp . ■ 



3 Approximate solutions 

In this section we construct some approximate solutions to (|14p which depend on suitable parameters, 
and find rigorous estimates on the error terms. 

As in the previous subsection, we let y be a system of Fermi coordinates in A^7e, and for a normal 
section $ of N^^ of class we define the coordinates (see (1991) ) 

z^y-<l>{es), zeM"~^ 

By the results in Subsection 12. 2[ we will restrict our attention to the set D^. 
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Remark 3.1 In the spirit of Proposition \27^ we will work with approximate solutions i/'e supported in 
D^. Therefore, using the above coordinates, 4'eis,z) has to vanish for \z\ sufficiently large. This can be 
achieved by defining formally tpeis, z) on N^^, and multiplying it by a cutoff function rj^ as in Subsection 
\2JA However, since the functions we are dealing with decay exponentially to zero as \z\ oo, the effect of 
this cutoff on the expansions below is exponentially small in e, and it will turn out to be negligible for our 
purposes. Therefore, for reasons of brevity and clarity, we will tacitely assume that •ipg{s,z) is multiplied 
by such a cutoff, without writing it explicitly. 



Recall that in l[23|) we defined 

We set /o(s) = f{s) + e/i(s), where / is given in pT|) and /i (depending on $ and A) was defined at the 
end of Subsection 4.1 in [10]), in order to satisfy the equation 

^ [(P - ^W-' - 2aA'h'^]^ = 2A - l) chiU, $). 

This equation is indeed solvable explicitly and the solution is given by 

(114) fi^ ,^ f>Ld-iVH..)..4^ <''-"'"^' 



(we refer to |10j for the definition of A'). If Wr and Wi are smooth functions of s and z we have, formally 

5e ^e~'^*^ {hU(kz) + £{wr + iwi))^ e"'^^^ (e(7^r + iUi)) + o(e), 

for some quantities Tlr,Tii given in Subsection 3.2 of [T^ (where we refer to also for the derivation of the 
last formula). TZr and TZi can be written as TZr = CrWr — Tr, T^i = CiWi — Ti, where 

(115) Tr = -2f'f[hU - 2f'^hU{kz){li, z + $) - hk{B., VU{kz)) - (V^V^, z + ^)hU{kz); 

(116) = - [f"hU{kz) + 2f'h'U{kz) + 2fhk'\'U{kz) ■ z] + 2 ^[$^-/'/ifcaj t/(fcz)], 

j 

and where the operators Cr, Ci are defined in psp . Therefore, for canceling the errors of order e we 
require Wr and Wi to be formally determined by the equations CrWr = Tr, CiWi = Ti. 

Dividing the right-hand sides of (|115p and (|116p into their even and odd parts (in the variables z), 
we obtained that — Wr.e + Wr o, and Wi — Wi,e + Wi,o, where 



(117) 



^hP{H,<i>)+2ff[h 



(118) w,,e = ^^f'h'lzl^Uikz); w,^o = -J2 '^'jf'hzjU{kz), 

3 

and where Wr,o is given implicitly by the equation 

(119) CrWr,o = -2{f'fhU{kz){ii, z)-hkY^ WdjU{kz) - {V^V, z)hU{kz). 

3 

As noticed in Subsection 3.2 in [10] (see also the introduction here), the solvability of the last equation is 
guaranteed by the stationarity condition (|12p . Moreover, it is standard to check that Wr,o has exponential 
decay in z, as for the other correction terms. Defining 

'ipi^e — {hU (kz) + ewr + iewi) , 
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from the expansions in Subsection 3.3 of [10\ we can write that 

+ e^i{Ri,e + Rlo) + s^i{Ri^e.h + Koji) + o{e^). 

In the last formula, the i?'s represent the terms of order appearing in the expansion, see Subsection 
3.3 of [10], while o(e^) stands for the terms which are formally of higher order. Here indeed we want to 
prove rigorous estimates, so we want to be careful in treating the latter term. 

To allow some more flexibility in the choice of approximate solutions, we substitute the phase /o with 
the function / = / + e/i + where /2 is some function of class . On $ and /2 we assume the 
following conditions for some constants ci , C2 to be determined later 

(121) \mm<cie- ||/2||h2<c2. 

Moreover, letting 5 be as in Subsections 12.31 and as in ([55]) . we also assume that 

(122) ^ e span^^h^ifj : j = 0,...,-|; /2 e span |/i^cjj : j = 0, . . . , - 

To deal with the resonance phenomenon mentioned in the introduction, related to the components in 
^3,(5 of the approximate kernel, we add to the approximate solutions a function vg like 

(123) vs = /3(es)Z„(e,) + i^{es)W^^,s) 
(see ([5^ and the lines after), with f3,£^ given by 

si il 

(124) f3ies)= ^ b,P,ies); ^= ^ 6,0(es), 

where, we recall, £,j solves (j59p and is related to (3j by Below, we will regard f3 as an independent 
variable, and ^ as a function of /3. Introducing the norm 

— 1 

(125) mu-= ( E ^'(i + iji)')', 

we will assume later on that 

(126) mU<C3e^ 

for some constant C3 > to be specified later. 

We will look for approximate solutions of the form 

(127) ^2,e{s,z) := e"''^|/i(es)[/(fc(es)z) + e[wr+ iwt] + s^v + e^vo + vs 

In this formula / is as above, while v and vq are corrections whose choice is given below, in order to 
improve the accuracy of the approximate solutions. 

Our goal is to estimate with some accuracy the quantity S^{^2,e)'- for simplicity, to treat separately 
some terms in this expression, we will write ^'2,^ as 

(128) *2,s(s, z) = ^i,e(s, z) + E{s, z) + F{s, z) + G(s, z). 
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where ^i,£, E, F and G are respectively defined by 



;/(££) 



\['i,e(s, z) := e ' = < /i(es)t/ (fc(es)z) + e + iwi] 



Eis,z) 



F{s,z) := e^e"' 



G(s, z) := e ^ w^. 



To expand Si;{'^2,e) conveniently, we can write 

where 2I3, . . . , Slg are respectively the linear terms in the equation which involve E, F and G (see (|128p '): 
(129) as = -AgE + V{ex)E - l^'i,^^"'^^ -{p- l)\^i,er^^iM^i,eE); 



(130) 



5214 = -AgF + V{ex)F - \^i,e\''~^F -{p- 1)\^>i^,\p-''^I^i^M'^i.,F)- 



(131) as = -AgG + V{ex)G ~ \^xA^-^G - (p - l)|*i,,r3*i.e5R(*i,eG), 
and where contains the contribution of the nonlinear part 

(132) ae = -|*2,er~'*2,e + \^i,,r\E + F + G) + {p ~ l)\^i,,\P-''^i,M^i,,(E + F + G)). 
Next we also write (tautologically) 

(133) 5e(*i,s) = e-^^^^.(^i,s)+ai; ai = ^^(^i^.) - e'^'^^a'^i.e), 



and set 



(134) 



e'^S'e(V'l,e) - s\Rr^o + Rr,e) " e {Rr,oJ^ + i?r,e,/i) 



SO that a2 represents the terms which are formally of order and higher in S'e(V'i,e) (multiplied by a 
phase factor). Therefore, from the definitions (|129|) - p34p we find that 



£ {RrM + Rr,e) + £ (RrMji + Rr,eji) 



(135) 



^e(^2,e) = ' S ^ 



e'i{R,^e + Rr,o) + £ i{R^,e,h + A.,o,/i ) + ai + a2 + ag + a4 + as + a, 



To estimate rigorously the a^'s, we display the first and second order derivatives of ^'2,, 



s^2,e 



-if'{es)e' 



;/(££) 



h[es)U{k{es)z) + e [wr + iwi] + e^v + e^vq + vs 



,-/(££) 



5j*2,e = e" 



eh'U{kz) + ehk'VU ■ z + e^a^w^ + ie^dsWi + e^dsV + e^dsVQ + dsVg 



h{es)k{es)djU{k{es)z) + e [djWr + idjWi] + e'^djv + e'^djvo + djVs 
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^l^,^, = {-f"-^ef")ie.s)e-^- 



h{ss)U {k{es)z) + e[wr + iwi] + e^v + e^vq + a{es)Z{kz) 
z-'^ e^h"U{kz) + 2e^h'k'VU ■ z + e^hk"VU ■ z + e^hk'^V^U[z, z] + e^dl.Wr + ie^dl.Wi 
z^dlv + e^dlv^ + dlvs 

eh'U{kz) + ehk'W ■ z + e'^dgWr + ie^dsWi + e^d^v + e^dgVo + dgVs 



2if'{es)e- 



;/(££) 



h{es)k'^djiU{k{es)z) + e [d'jiWr + id'^^iw^] + e^d'jiv + e^5|,wo + d'^^ivs 



~if'{es)e 
a{es)kdjZ{kz 



h{es)kdjU{k{es)z) + e [djWr + idjWi] + e^djv + e'^djvo 

eh'kdjUikz) + ehk'djU + ehkk' zid^U + e^d%Wr 



To simplify the expressions of the error terms, we introduce some convenient notation. For any positive 
integer the two symbols 9^q(<i>, $') and lHg(<i>, $") will denote error terms satisfying the following 
bounds, for some fixed constants C, d (which depend on g, ci, C2, C3 but not on e, s and S) 

<Ce«(l + |z|'^)e-'=l^l; 

- mq{^,^')\ < Ce«(l + - -ll + 1$' - 'l'|]e-'=l^l, 

while the term $") (which involves also second derivatives of $) stands for a quantity for which 

|in,($, $")| < ^£"(1 + |z|'^)e-'=l^l + C7e«+i(l + |z|'^)e-'=l"l |$"|; 

$") - 5n,(l>, $")| < Ce«(l + \zf)[\<S> - $1 + 1$' - ^'lle-'^l^l 
+ Ce^+^l + \zf) (|$" + l>"|(|$ - $1 + 1$' - $'|) + |$" - l>"|) e-'^-l^l. 

Similarly, we will let 5Hg(s) denote a quantity (depending only on s and z) such that 

|9^,(s)| <C7e«(l + |z|'^)e-'=l^l, 



and which depends smoothly on s. In the estimates below, the assumptions (|12ip - (|122l) will be used: one 
hand by (|12ip we have L°° estimates on /2 and their first derivatives; one the other by (|122p we have 

estimates on the higher order derivatives, of the type |j$'^'''||i2 < C; |j-||3>|ji2, for I e N. 

We will also use notations hke <f>9lg(<i>, $'), f2^q{^, ^'), etc., to denote error terms which are products 
of functions of s, like $ or /j, and the above fH^'s. 

Having defined this notation, we can compute (and estimate) S'e(^2,e) term by term. 
• Estimate of 2li 

From the expression of the Laplace-Beltrami operator (see Subsection 3.1 in [TO^) it follows that 

2z^gl'£V25/V^l„ 



e*^^5e(^l,s)-5e(V;i.e) 



y/det g 
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Using the expressions of Wr, Wi and the expansions of the metric coefficients in Subsection 3.f of |fO| . 
multiplying the last equation by e*^"-! one obtains 

- ai = » (e* - Se{'i'l,e) - Se{^Jl,e) j = e' - S'e(*l,£) - - SeCV'l.e) 

(136) = 2li,o + 2ti :=2li,o + ai,^,e + ai,,,,o + 2li,,,e + ai,,,o + ai,i, 
where 

2li,o = 2e^f'f^hU; ^i,r,e = e'/a [2f[hU + 4(H, + 2f'wr,e] , 

2li,r,o = £V2[4(H,z)A;7 + 2/V,o]; 

(137) 2ti,,,e = ie^a'^C/ + 2ie^f^ [fw.,^e + /I'C/ + hk'\/U ■ z] ; ^1,^,0 = 2ieV7>»,o 

2tl4 = (/^)'fH4($,$') + /2 9^5($,$') + /2*"«4($,*')+/2«4(*,*')- 

• Estimate of 2I2 

Reasoning as for the previous estimate, collecting the terms of order and higher in S'e(V'i.e), we obtain 

(138) e'^2l2 = 2l2,0 + 212 ^2,^,6 + 2l2,^,o + a2,.,e + '^2,^,o + 2l2,l, 

where 2^2, = and where the remaining terms are given by 

2l2,r.e =£'$"Fe(s); 

i i j 

2l2,.,e = -2ie^f'hY,'^'i'^'jdi{z,U) + 2ie^f'h{lI,z)Y,'^7z,U; 

3-1 j 

2l2,»,o = ie^ *J (-^"^^ + -^'^'^ + /'/ifc'VC/ • z) + ie^^"'Fois) + 2ie*f'h{Ii, $) ^ z^C/; 
i J 

2124 ^3(5) + ($ + ^•O^^sl*, $") + 9^4($, $"), 

where -F'e(s) and -F'o(s) are respectively an even real function and an odd real function in the variables z, 
with smooth coefficients in s = es, and satisfying the decay property |-F'e(s)| + |-F'o(s)| < ^(1 + |z|'')e^'^l^l . 

• Choice of v and estimate of 2I3 

We choose the function v in such a way to annihilate (roughly) one of the main terms in (|136p . namely 
2e^ f f'2hU{kz). Hence we define v so that it solves 

(139) CrV = ~2f'f^hU{kz). 

Reasoning as for the definition of Wr (see [T0|, Subsection 3.2), v can be explicitly determined as 

v^2ff;,hU{kz). 
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With this definition, using the above estimates on the metric coefficients and the expressions of error 
terms, the finear terms involving E in S'e(\E'2,e) can be written as 

(140) e'^Sts = 2t3,0 + ^3 Slg.O + Stg.r.e + Sls.r.o + Sls.z.e + 2l3,,,o + Sts,!. 

where 

+ Ae^(fff[hf^U(kz) ~ 2e^rf^'hU 
2t3.r,o = 2eV'/i/2 (2(/')'(H, z) + (V^F, z) - p(p - Ij/if-^^f-^^,,,,) ;7 



(141) 2l3,^,e = 4z/'£3a^(/i/'/^?/)+2*eV72(/"/»-(p-l)/i''"'C^^"'w;..e)C/ 

213,^,0 = -2{p-l)ie^ff!2hP-^UP-^w,,oif~^ie^{fff2hkJ2'^'A^ 

j 

2t3,i = /2 [5^4($, $")] + /2 [9^4(<i>, $') + 9^6('i>, <^")] + e'/r [^i($, <f ')] 

+ $')/^ [/^(l + £^2) + e/2'] + ^5('i>, *')/272 + 1'")(/2)'- 

• Choice of vq and estimate of 2I4 

In order to make the approximate solution as accurate as possible, we add a correction e'^vq in such a 
way to compensate (most of) the terms e^{Rr^e + iRi,o), see Subsection 3.3 in [10]. We notice that these 
terms contain parts which are independent of $, which we denote them by i?^g and i?^^ respectively, 
and parts which are quadratic in $ or its derivatives, Rf^ and Rf^ respectively. Since we will take $ of 
order e, we regard the latter ones as higher order terms, and we add corrections to cancel and R^^^. 
Precisely we define g and ^ by 

-C<e = -i(/')'/^t^(Ml]5Lgii^rn^i +2(/')'(H,+i«,,oz) +4(/')'/^(7(fcz)(H,z)2 + 2Mu;,,e 

l,m 

+ f'wi^e - [h"U{kz) + 2h'k'\/U{kz) ■ z + hk"VU{kz) ■ z + h{k'f'^^U{kz)[z, z]] 

(142) + \Y1 dLgtjZ^zihk'd'ijUikz) + A:/i[(H, - i ^ dligiiZi\draU{kz) 

l.ni I 

+ hkJ2dL9mjZidjU{kz) + H^diWr^o + hk{n, z)H^diU{kz) + (V^y, Wr,oz) 
I I 

- \{p~l)W-^U{kzf~^wl^ - \p{p~l)W-^U{kzf-^wl^ + ^J2^^m3yz^mZjhU{kz); 
- CiV°^ = 2 [f"hU{kz) + 2fh'U{kz) + 2f'hk'VU{kz) ■ z] (H, z> + ^ H^djw.^e 

i 

(143) + 2(/')'(H,U.,,eZ) + 2f'dsWr,o + f"wr,o ~ f hkj^ djU {kz)J2 9^91, ^mZl 

j l^rn 

- fhU{kz) 9L.9ii^m j - fh dlg^.z^ U{kz) + i/'/i ^lidii^^ U{kz) 

- (p - l)hP-^U{kz)P-^Wr^oW,,e + (V^^, W,,eZ). 
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We notice that the right-hand side of (|142[) is even in z, and hence orthogonal to the kernel of Cr- As 
a consequence the equation is indeed solvable in ^, see the comments after ()15|) . The same comment 
applies to ()143p . where the right-hand side which is odd in z. Furthermore the right-hand sides decay 
at infinity at most like (1 -I- |2:|'')e~'^l^l for some integer d, so the same holds true for v'^ ^ and ^. In 
conclusion, after some computations one finds 

e'^^i = 2l4,0 + := 214,0 + 2l4,r,e + 2l4,r,o + ^i,t,e + 2l4,,,o + 2l4,l, 

where 

2t4,o = £^>C^<e + *e^A<o; 

(144) 2l4,r,e = e^i^4,r,e(s); '^i.r^o = F^.r^s)] '^i,^,e ^ F^.^Al)- 2l4,,,o = e^J^4,»,o(s); 

(145) 2t4,l = fH4($, $') + ($ + $')(! + /2)^3($, $') + /2'«5(*, $') + (/2)'^6(s) + $"9^4($, $')• 

As for Fe(s) and Fo(s) in 2I2, the _F4's depend only on V , 7, M, and are bounded above by C(l-|-|2;|'')e"'^l^l . 
• Estimate of 2I5 

The term involving vg in S^{^2,e) is given by 

(146) 2I5 = ^5,0 + := 215,0 + 2l5,r,e + 2l5,r.o + ^5,^,e + 2l5,^,o + 2l5,l 

where 

(147) 215,0 = l3CrZ^{kz) ~ e^l3"Z^{kz) - 2eCW^f' + i^C,Wc. - le^^W^ + 2ieP' fZ^; 



2t5,r,e = -ef"^W^-2e^(3' (^^a' + k'VZa{kz)-z^ 



- 2efi (^^a' + k'^W^{kz) -^-{p- l)eW'~^UP-^^w,,,W^- 

2l5,r.o = £/3^ + 2£(H, z) [{f'fpz^ + e'p"Z^ - 2ei'f'Wa\ 

3 

+ e{\/^V, z)f3Zo, ~ p{p - l)ehP-^UP-^Wr,of3Zc,; 

2t5,^,e = ef"pz^-2e^i' l^^a' + k'VW^{kz)-7}j 

+ 2ef'l3 i^^a' + k'VZ^{kz) ■ z^ - {p - l)ehP-^UP-^ Pwi^eZa, 

+ e(V^y, - (P - l)eftP-2C/^-'w.,oCM^a. 

The error term 2t5_i = 2l5,i(/3, <i>, /2) satisfies the following estimates 

|2l5,i(/3, /2)| < C{e^ + eVsl + e'l/s'l + £'l$"l)(l + |2|'')e"'=l^l (|/3| + + e'l/?"! + e'\f3"'\)- 



37 



< - $1 + £|$' - $'1 + £31$" _ $"| + e\f^ - + e\f^ - f^\) 

X (1 + |z|'*)e-'=l"l(|/3| + + e^\P"\ + e^l/?'"!) 
+ C{s'+s'\m+e'\f!^\+e'\^"\) 

X (1 + |z|^)e-*'-l^l(|/3 e\P' - /3'| + e^\P" - /3"| + e'l/?'" " 

By the form of the function (3, see (|59l) , (|60p and (|124p , its Fourier modes are naively concentrated around 
indices of order i. As a consequence, norms of functions hke e(3,e'^f3" ,e^P"' , etc. can be controUed 
with the norm of f3, see also the comments before ([75t . 

• Estimate of Slg 

First of all we notice that we are taking $' and in H^{[0, L]), and hence they belong to L°°([0, L]). As a 
consequence, since we have the bound ||/?||l-([o,l]) +e||/3'llL~([o,L]) +e^ll/3"||L~([o,L]) +r'^||/9"'||L-([o,L]) < 
Ce^ (which follows from (I126P and the above comments), one has the estimate 

(148) \E\ + \F\ + \G\ < Ce^{l + |z|'^)e-'=l^l. 

If then we choose 5 sufficiently small (recall also the expressions of Wr, Wi and (|128p ). we deduce that 

This estimate implies that 2lg admits a uniform quadratic Taylor expansion in |5'2,i^^i.el ^^id is bounded 
by |\&i,e|^~^|\E'2,e — Precisely, we can write 

(149) 2t6 = 2l6,0 + 2l6 := ^6,0 + 2l6,r,e + 2l6,r,o + 2l6,»,e + Slg^^.o + "^6,1, 

where 

(150) 2t6,0 = 2t6,r,e = 2t6,r,o = a6,,,e = 2l6,»,o = 0; ^6, 1 = i?4 (/a ,*,$',/?) , 

where i?4(/2, <!'', /3) is a quantity satisfying the estimates 

|i?4(/^,$,$',/3)| < C [e^ + (e^ + \\p\\i^^+e\mL^m+e\p'\)] (1 + |z|'^)e-'=l^l; 

|i?4(/^, <f , /3) - i?4(/^, ,3)1 < C (e^ + + e\(3'\ + |/3| + eW\) (1 + jz^e-'^l^l 

X (^e\^-^+e\^'-^'\+e'\f^-f;,\ + \f3~P\+e\P'-p'\) . 

• Final estimate of 5e(^2.e) 

By (|135p . in the above notation we have 

6 6 

+ e^i{R,^e + Ri,o) + e'^iiRi.e.h + R^,o,h) + "^^^0 + '^^^■ 

i=l i=l 

Recalling the choices of u, ^ and v?^ ^ in (|139p and (|142p . (|143p (and recalling the notation for the i?'s 
after (|120p ) we finally obtain the following result. 

Proposition 3.2 Suppose <i>, /2 and (3 satisfy (|12ip . (|122p and (|126p /or some ci,C2,C3 > 0. Lei 
f = f + efi + e^/2, w/iere / is given in (fTT|) anrf /i m ()114p . Lei also Wr — Wr,e + Wr,o, with 



2l5,l(/3,$,/2)-2l5,l(/3,«',/2) 
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given respectively in (|117p . (jll9[) . and Wi — Wi,e + Wi^o, where Wi,e and Wi^o o-re given respectively in 
(|118p . Let ^2,e be defined in (|127p . Then, as e tends to zero, we have that 

e^~ Se{^2,e) — £^(-R*e + ^r,o + Rr.eji + Rr,oJi) + £^'i{Ri,e + Rf^o + Ri,ejl + Ri,oJi) 

(151) + (3CrZa{kz) + s^(3"Za,ikz)-2sCWaf' + iiCiWa 

6 

+ ie'^C'Wa + 2iel3'f'Z^ + ^ 21^, 

where the R's are as in (jl20p . where Rf^, Rf^ are the terms quadratic in within Rr^e, Ri,o, o-nd 

where the latter error terms are given in (|136p . (|138p . (|140p . (I145p . (I146p . (|149p respectively. 



4 Proof of Theorem 11.11 

In this section we prove our main theorem. First we solve the equation in the i?e components, see (|105p . 
using a Lyapunov-Schmidt reduction. Then we turn to the components in Ks and solve the bifurcation 
equation as well: in this last step we use crucially the non-degeneracy assumption on 7 and an accurate 
choice for the values of the parameter e. 



4.1 Solvability in the component of //^ 

In Proposition 12.41 we showed that problem (fT4|) is reduced to finding a solution of L^{(p) ~ Se{(j>) in D^, 
see ([24l) . (|40l) and ((4T|) . if we take K'^{es) ~ V{es). Choosing in Proposition 1 2. 141 as approximate solution 
■0£ = \['2,e (the function constructed in the previous subsection), we have the following result where, as 
usual, S is sufficiently small. We recall Proposition 12. 4( formulas ()103p - (|106p and the definition of Ks 
after p04p : also, we denote by IL^ the orthogonal projection onto the set {e~^^'^v : v G Ks}- 



Proposition 4.1 Let 'i'2.E be as in Provosition \3.S\ Then there exists vg g Kg, depending on the param- 
eters /2,/3; such that the following problem admits a solution 



(152) 



-Ag J + V{ex)4) - 1*2,^1"- V -{P- l)|^'2,e|P-^*2,s3?(*2,e<^) = ~Se{^) + C-'^V; 
(j)eHe, V £ Ks. 



Furthermore, if m G N, if^2.e an approximate solution corresponding to different $,/2,/?, for a fixed 
constant C independent of £ and 5, for t ^ ^ and < ■f' < <r < 1 sufficiently small, we have 

(153) \m,',V < ^\\ileS,{^2,e)\\LHCl,) + Ce"\ II^IU^CC^) < C||5e(*2,s)||L^(CV)- 



(154) 



< 



ne(5e(^2,e)-^e(*2,e))|lL^(CV). 



Proof. The proof relies on Proposition 12.11 Proposition 12.141 and the contraction mapping theorem. 
By Proposition 12. 141 the operator L^ (see (|24|) is invertible from {He, \\ ■ II?', v) into L^(C^y), and the 
norm of the inverse is uniformly bounded by C jS^ . By this invertibility, ()152p is satisfied if and only if 
(/) is a fixed point of the operator : {Fie, II • II?', v) {He, \\ ■ II?', y) defined by 



ne(Se{^2,e) + Ne{lle^ + ^{^)) 



Fe{^) = [n, [Se{cP))\ := L- 

+ |§2,sr-V(0) + {P- l)\^2,er^^2,em^2.M^)) 



We recall that, in the last formula, (p{(l>) is given by Proposition [O] while Ne is defined in ((25l) 
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Our next goal is to show that is a contraction on a metric ball (in the || • ||<;',y norm) of radius 
|J||neS'e(^2,e)||L2(c^^,) + Ce™ for C large enough and m arbitrary integer. Setting for simphcity 



G,(^) = N,{t^,^ + ^(0)) + l^-a^er" V('^) + (P - l)\^2A'"''^2M^2M^)). 

one clearly finds 

WFeik) - i^e(02) II L2(C;,^) < %\\Ge{k) " 6,(02)1^^(0;,,)- 



(155) 



We next evaluate ||Ge(0)||i2(pT^-), and show that it is superlinear in ||0||l2(c, ) up to negligible terms: 
we make first the following claim. 



Claim: in the notation (|3ip . letting fci(s) = (^')^-v/y(s) we have ||0|| ^ i < CH^H^'.y for some C > 0. 

Assuming the claim true and choosing <r" < (<^')^i '^'^ can apply Proposition 12.11 with t = i, A:o(s) = 
<;^/V(j), his) = (^')'v/^ and fc2(s) = ^"v/V%, to find 

(156) ||¥'(0)ll^^ <C e--f^^ ||^,(vl/2,,)||^. +e--f^- ||0||^,,i 

— fc2 ^ '^O '^1 

From the expression of Wr,Wi,v,vo and formula (|148p . one can deduce that |\^2,e| < Ce^'^"'^': moreover, 
from the estimates in the proof of Proposition 13.21 one also finds that ||5'e(\E'2,e)||L2(c^,,) ^ as e 0. 
By ([37)) (recall that ^ > 0), the latter bounds on ^2,e, the previous claim and (|156p . if m is an arbitrary 
integer and if is sufficiently close to 1 after some elementary computations we deduce 

\\GS)\\lhc^,,) < C (ll'^llitfc;^) + ll'^H^(c,v) + + ll'^lli^(c.V) 
Similarly, if ||(/)i||^2(-ct^-), ||02||l2(-(7t^-) are finite one also finds 



\\GSl)-Gei<t>2)\\LHC-,)<C 



max 

1= 



\\4>1 - 02||l2(c- ), 



where the symbol A stands for the minimum. Formula (jl55p and the latter one show that is a 
contraction, and we obtain (|153p : (|154p follows similarly. 

Proof of the claim. According to our previous notation, the norm || • \\,;\v is evaluated using the 
variables (s, z), where the z's are defined in ([M)) . If we want to estimate the || • || i i norm instead, we 

should use lipschitzianity with respect to s and y. 

Given si,S2 G K and yi,y2 G M"^^ we want to consider the difference V0(si,yi) — V(j){s2,y2)- 
Recalling ([M)) we can write that 

ds(l>{si,yi) - ds4>{s2,y2) = ds(j>{si,zi + ^{esi))-ds4>{s2,zi + ^(esi)) 

+ ds(}>{s2,Zi + $(£Si)) - ds4>{s2,Z2 + $(es2)). 

By the definition of || • ||<,-',y, dgcf) G H^{C^, y) C C^{C^, y). This fact, the smoothness of V{s) and 
PIloo + ||$'||cc> < C{ci)e (which follows from (fmll ) imply that if (si,yi), (52,^2) € Bi{s,y) then 

e(^")"Vnf)\^\\d^^(^si,yi) - ds^{s2,y2)\ < C(ci)||0||,^y {\s, - s^l^ + \z, - z^l^ + e\s, - S2I) . 
A similar estimate holds for the derivatives of 4> with respect to y, so from (I3ip we get the conclusion. ■ 



To apply Proposition 14.11 we establish exphcit estimates on Il^Se{^2,E) and Ile{Se{^2,e) — Ss{^2,e))- 
Precisely, assuming from now on r = i, we have the following result. 
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Proposition 4.2 Assume $, /2, /?, $, /2, /? satisfy conditions (|12ip . (|122p artrf ([126]). T/ien, is defined 
as in Proposition \4-l\ we have the estimates 



(157) V^S^^iP,^, f2)\U < C{ci,C2,C3)e''; 

(158) Vi'52||0(/3,$,/2)-0(/3,|.,/2)||* < C(ci,C2,C3) - + e-''||/2 - /2||h2 + e||/3 - /3||j 
where C(ci, 02,03) is a positive constant depending on Ci,C2,C3 &Mt independent of e and 5. 

Proof. We prove (I157p only: (|158p will follow from similar considerations. To show ()157p we use 
Proposition [O] so we are reduced to estimate ||ne5'e(\I'2,e)||L2(px^-), for which we can employ (|15ip . 
By our assumptions on /2, /? and by the estimates of the previous subsection, it is easy to see that 



^^i^r.e + ^r,o + Rr,eji + Rr,oJi) + £^i{Ri,e + Rf^o + Ri,eji + Ri,o,fi) 



^ C(C1,C2,C3)£^ 



lle^lVa ll ^ C{cuC2,C3)e^ 

i—l 

Recall that in the choice of approximate solutions we have formally corrected all the terms of order up 
to e^, so we are left with terms of order and higher. The factor ^/e in the denominator arises from 
the fact that the length of 7^ is L/e: this gives a factor -i when computing the norm squared, and we 
need then to take the square root. For the estimates in Ste, which also require the L°° norm of /3, we can 
use the interpolation inequalities 



It remains to consider now the other terms in the right-hand side of (jl51[) . involving the functions Za 
and Wa- Let us call Ll the operator obtained from Ll (sec ([521) ') by replacing the variables y with z and 
/ with /. Let us first notice that the terms under interest, with this notation, arc nothing but n^L^wa. 

Let us now recall the expression of (3 in p24p and vg in ([123^ : if v^j stand for the functions in K^j 
(see (|66p) replacing y with z, we define the function 

E 

From the expression of v^j, see ([5^ . one finds that 

ii 

(159) <-^( J2 byii+f)y; 



(160) Llie-^^vs)^Ll{e-'^is) + o(^-^y ^ ty{l+f))i (in the || • |U.(c;^) norm). 
Similarly to ([55)) . recaUing the asymptotic of i^j (see (15^)) and the hues before) one finds that 

(161) Ll{e~^^ijs)=e-'^ ^ i^.b^i^., + R,, 

5^ 1 

where \\Ri\\mc-^.) < ;^(E~„ii bp^{l+f))^ < CV£||/3|ltt- This implies the conclusion, by p^ . 
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4.2 Projections onto 

In this section we estimate the projections of the equation onto the components of Ks- We estimate first 
their size and their Lipschitz dependence in the data /2 and [3. Then we use the contraction mapping 
theorem to annihilate the function v in Proposition 14.11 which imphes the solvabiUty of (|14p . 



4.2.1 Projection onto Ki^s 

We want to evaluate the Ki ^ component of the function vg in (|152p . To do this we consider a normal 
section $ to 7 which satisfies the first relation in p22p , and the function 

w$ := /i(es)'^ ^($(es),V^[/(fcz)) +ie($'(es),z)^C/(fcz) - ^{^' {es),VO{kz)) 

We then multiply both the left-hand side of p52p and S'e((/)) (see (|4T|) ) by the conjugate of e~'~^f$, 
integrate over and take the real part. When multiplying the left-hand side, we can integrate by parts 

and let the operator act on e~'^^^^ Vc^: using the arguments in the proofs of Proposition 12.91 (see in 
particular ([55]) and ([M)) ) and of Proposition one finds that 

Le(e = v<^) — e ' vg^ + n{v<^), 

where w$ G Ki^s, and where \\R{v^)\\l^ci^) - ^i^+^^)\\'"s\\LHCi^) < ^{£+S^)\\Ml2{[o,l])- Therefore, 
since cj) is orthogonal to Ks, from (|157p we deduce that 



(162) 



C 

dVg^ < -^{e + S'')\mL-{[Q.L]M\LHC;_^) < C(ci,C2,C3)<5e'||$||L=([o,L]). 



We next have to consider Si^i^cj)), whose main term is S^{'^2.e)'- for this we use formula (|15ip . Here we 
have three kinds of terms: the i?'s, those involving Za, Wa (which coincide with 2I5.0, with our notation 
in (dUl)) and the 2t's. 

For the _R's, since Vi^ is odd in z, the products with the even terms will vanish. The products of the 
odd terms (notice that the two phases cancel and we use the change of variables s 1-^ es) instead give us 

e^gfj / {R,^, + Rr.ojJWdVg, + e^n [ i{Rf, + R^.oJ,)v§dV~g^ = -e^^C^ [ (3($), $) ds + Ro, 
Jb, Jb, Jo 

where Co = /jj^-i U{y)^dy and |i?o| < C'fc||$||i2([o,L])- To explain why this estimate holds, we notice first 
that — ^j-Co(3(*&),^) is exactly the first term of multiplied by Rr,o + Rr,o.fi, as shown in Subsections 
4.1 and 4.2 in [TU] (the factor in is needed precisely to cancel the factor in the last formula 
of Subsection 4.2 in |10|). The remaining terms in the last equation are given either by products of the 
imaginary part of v$ and the imaginary i?'s or that of Rr^o + Rr,oji and the last term in In the latter 
case for example, we obtain a quantity bounded by 

Jo 

The last inequality follows from (|12ip and the fact that $ satisfies the first condition in p22p . On the 
other hand, the terms involving $' once integrated will be bounded by Ce^(5||$||i2([o,L])! still by (|122p . 
Concerning 2(5,0 , we next claim that for any m g N one has 



(163) 



3? / 2l5,orfF. 



< Ce"|l$|U2([o,L]) ase^O. 
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To see this, notice that $ satisfies (|122p while 2l5_o arises from functions involving vs (in particular /?, see 
(|124p ): since j ranges between and the main modes of (i are much higher than the ones of 
Hence, using Fourier cancelation as in Lemma [2.101 one can deduce (|163p . It is also easy to see that 



(164) 



6 



< C(ci,C2,C3)£^||$||i2([o,L]). 



It remains finally to consider the product of and the last three terms in (|41|) . Indeed, since these are 
either superlinear in (j) (see ([57)) ) or contain if{(p) (see ([5^). they are of lower order compared to (|162p . 
Using (|162[) - (|164|) and the above arguments we finally obtain that, if v is as in Proposition [431 then 



(165) 



-e^Co / (3(*i>),$)rf5 + i?i; 



|i?l| <C(ci,C2,C3)£2||$|U2([o,L]). 



Similarly, using the estimates in Section [3] one finds that if v corresponds to the triple ($, /2, /?), then 



(166) 



L2- 



where Ri satisfies 

(167) m < C(ci, C2, C3) (fell* - nHHioM) + " MnmoM + ^H/? " Mi) WM 
4.2.2 Projection onto K2.S 

For this projection we will be more sketchy since most of the arguments of the previous one can be 
applied. If satisfies the second condition in (|122p . we consider the function 



Vf =h{es)^\if{es)U{kz) + 2s 



U{kz) — is' 



Kiss) 



2i-2 



fc2 



As for the previous case, the main contribution to the projection is given by the product of the first term 
in Vf and the imaginary parts of S'e(\E'2,e) listed in (|15ip which are even in z. 

We denote by Ri,e,f2 the sum of all imaginary even terms of order appearing in the equation, 
namely 2li,i,e, ^3A,e and 5214, = F4,i,e(s), see p37l) . ((T4T|) and pli)) 

i?,,e,/. - 2h'f2U + 2hf!,k'VU-z + 2ff!,w,^, + f^hU + Afds{hf'J'2U) 

+ 2f'hf'f2U - 2{p - l)hP-^\U\P-^f.f!,Uw,., + F4,,,e(s) i?.,e,/. + i^4,^,e(s). 

Notice that Ri,e,f2 coincides with the function i?i,e,/i in (|120p (see Subsection 3.3 in [10 for the precise 
expression) if we replace /i with /2. Therefore, from estimates similar to the previous ones (which use 
especially the computations in Subsection 4.1 in [TO]) we find 



(168) 



^ ^'^^ = e'C-o ^ T(/2)/2 + ^ (^^ Ji.,^eU{k{-s))^ l^ds + R2, 



where Co = /r^-i U{y)'^dy, where 

(169) T(/2) = d, ( (^^^^ [iP - ^W-' - 2aA'h'^] 



and where R2 satisfies 
(170) 



|i?2| <C(ci,C2,C3)fc2||/JU2([o,L]). 
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Moreover, if v corresponds to the triple ($, /2, P), then 

(171) / iv-i,)vrdVg^^e^Ca [ Tih - h)/^ ds + R^, 



with 

(172) \R2\ < C(ci, C2, C3) (fc2||/2 - hllHHioM) + - nHHioM) +^\\f^- ll/2lli^([0.L])- 
4.2.3 Projection onto K^ g 

To compute the last components of the projection we recall our notation in Subsection 12. 3i and define 

si si 

e e 

As for the previous cases, the main contribution to the projection comes here still from S'e(4'2,e). In 
particular, following the arguments for Ki^s, when testing on Vfj, by Fourier cancelation and parity the 
major terms are indeed Sts^Oj ^5,r,e and Sts^i^e- With straightforward computations one finds that 

1 '•^ 



(173) / vv^dVg^^- A(/3,e,Ai)rfs + i?3, 

Jd^ ~ £ Jo 

where 

- 2ef'k' {CPQi2,a - KQi3,o) - 2s fa' {^jSQs.^ - i/3Q9,«) -{p- i)ehP-^ (C/3 + ^jS) Q^,.; 

Q4,a{s) ^ [ Za(s)^rZa{s)', Q5,a(s)= / W^q(s) -Cj VFa(s) ; Q6,a{s) = [ Z a_(t) i 

JR"-1 JR"-1 JK"-i C*" 

Jr^-1 da 7r„-i da Jr„-i da 

Qio,q(s) = / 2'q(^)V^Z„(s) • Qii.q(s) = / Vl/a(s)V^Wa(3) • z; 

(3i2.a(s) = / 2'q(s)V^VF"„(s) • z; Qi3,a(s) = / M^q ( s ) V ^ ( ^ ) • z ; 



(174) |i?3l<C^(ci,C2,C3)fc2||^||L2([o.L]). 

After some manipulation using the fact that {Za,Wa) solve ()46p with t^q, = 0, the normalization 
J-Rn-i i^a + ^a) — 1 ^^"i some integration by parts in z we find that 



(175) -/ AiP,tP,0<ts = - Ao{f3,tP,Ods+ Ai(/3, ^, /3, C) ds, 
£ Jo ~ ~ £ Jo ~ ~ Jo 

where 

Ao(/3,C, Ai) = Qi.c, (£'/3'^' - k^a^PP) + Q2,a (e'e'C' - o^^k^^C) 

(176) + 2/'Q3,a(e/3'^-e^'^-fca/3^-fcaCC); 
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Ai = {Pi + mQ{s)- q{s) = [/"ga.a + 2/'fc'gi3,a + 2J'a'Q^,^ ^{p- l)/i^'-2Qi4.a] 

Now we notice that, by ([HO]). one has 



where Fi = 



(177) 



/3i + e/3=- 

L 



Integrating by parts in s and using (|59|) we find that 

r-L 



52 







Finally, combining p75)) . p7i)) . p75)) and pTf)) we deduce 



J ~ ^ Jo 

-R3I < C(ci, C2, C3)(fc' + (e + '52)||/3||i2([o,L]))||^||L2([O.L])- 



(178) 

where 
(179) 

Analogously we obtain 
(180) 
where satisfies 

(181) |i?3| < C(ci, C2, C3)S (ell* - nmao.L]) + - hWmaoM) + \\^- f^h) \\§\\lH[o,l])- 
Remark 4.3 Let us consider the eigenvalue problem in 



{v - v) VfidVg^ 



Ao(/3-/3,e-|,/3,0 + ^3, 



Ao(/3,?,AO / (Qi,a/3^+Q2.aeO forall{l,C) 
Jo 

where Qi,Q2 are defined in (|58p . Then the eigenvalue equation is the following 

■ _£2(^^_fc2^2^_2/'g^(£C' + A:a/?)=z./?; 



(182) 



Qi,„ " ^ "•^ Qi 



5?/ (|6ip . i/ie couple of functions constructed in Subsection \2.3\ revresents a family of approximate 

eigenf unctions corresponding to u = Uj . 

4.3 The contraction argument 

The usual procedure in performing a fixed point argument is to apply to the equation an invertible 
linear operator first. From the expansions in the last subsection, we showed that the main terms in the 
projections onto Ks are the operators T and Aq (the latter is identified by duality with the associated 
quadratic form), see (|165p . p68p and (|178p . By our non-degeneracy assumption on 7, J is invertible 
and the same holds also for T, since it is coercive (and in divergence form). It remains then to invert 
Aq, which is the content of the next result: before stating it we introduce some notation. Using the 
symbology of Subsection 12 . 31 we define the spaces 



= span < ipj : j = 0, 



span I LUj : j = 0, . 
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r 52 ^2 

^3,5 = span i fij : j = — -, 

with Xi s, X2^s endowed with the norm on [0, L], and X^ s with the |1 • |lj norm. 

We also call Yi s,Y2,s,Y^ s the same spaces of functions, but endowed with weighted norms: by 
the normalization after (j55p it is natural to put the weights and h~'^ on Yi^s and 12,5 respectively. 
Concerning Y^j, by Remark H31 we will endow it with the product {P,P)Ya^s = /q^IQi, a/3/3 + Q2,aiS,)ds 
where, as above, ^ is related to /3 by (pD|) and (|124p . Notice that by 3 and T are exactly diagonal 
from Xi .5 to Yi,s and from to Y2.S respectively, while Aq is nearly diagonal (see also ((6T|) ). 

Lemma 4.4 Letting Ily-g ^ denote the orthogonal projection onto Y^^g, there exists a sequence Sk — > 
such that Aq is invertihle from X^^s into ¥3,5 and such that its inverse satisfies || (11^-3 ^Ag)"^!! < for 
some fixed constant C . 

Proof. First of all we show that there exists — > such that Hy^ 5 Aq cannot have eigenvalues in Y^^s 
smaller in absolute value than C~^£k'- after this, we estimate the (stronger) X^^s norm of its inverse. 

To prove the claim we apply Kato's theorem (see [5], page 445): the latter allows to compute the 
derivative of an eigenvalue v{£) of Ilyj^Ao with respect to e. The (possibly multiple) value of this 
derivative is given by the eigenvalues of Wy^ sde^Oi restricted to the J/(e)-eigenspace of IlYg^Ao. 

Suppose that /? satisfies the eigenvalue equation Ilyg Aq/? = vl3, which is equivalent to 



(183) 



/ Ao(/3,e,^,i) - V / (Qi,a/3^+ Q2,aC0 for aU {(3_,C) with p e ^3,5- 
Jo Jo 



Looking at the powers of s in Aq, see (|176l) . we write Aq = Ao,o + eAo,i + e^Ao^2' notice that Ao,o is 
negative-definite and Ao,2 positive-definite. We also point out that, since /' satisfies (ITT|) . for f{es)/e to 
be L/e-periodic, when we vary e also A needs to be adjusted. Precisely, since the total variation of phase 
in dHl) is 

A I h{£sY ds = — / h{'s)ds = const., 
Jo e Jo 

when diff'erentiating with respect to e we find that ^ = y- Hence, applying Kato's theorem we find 



where 



min 6(/3i,/32), max 6(/?i,/32) 



o.fl «^ /o^(Ao,i + 2£Ao,2)(/?i,a,/32,C2) , 1 Jo i2f'Q3,a ieP[^2 - SC1P2 - kaPiP2 - kaCi^2) 
yyyPi-i P2) — ? 1 f 1 

Jo (Ql,a/3l/32 + Q2,a66) ^ /q (Ql,a/3l/32 + ^2,^66) 

and where (/3i,^i), {P2,£,2) are functions satisfying (|183p : using this, 0(/3i,/32) can be written as 
1 J^^ ( Aq - Ao,o) (/3i , 6 , /32 , 6 ) + g Jo Ao,2 (/3i ,^1,^2,^2) 

JoiQl..c.l3ll32+Q2.,c.il^2) 

^ 1 SoiV'Qz.c (£/?16 - egl/32 - kap^f32 - ka^i^) 

^ /o^(Ql,a/3l/?2+Q2,aCl6) 

ly ^ e Sl;{Qi,M'2 + Q2,oglg^) + \ !o[k^a\Qi.,M2 + Q2.aei6) + 2f fcaQ3,^(/3i/?2 + ^16)] 

S /tf(Ql,a/3l/32+Q2,oCl6) 

^ 1 ^oiV'Qz.c {ep[£,2 - £el/?2 - fc«/3i/32 - fcaei6) 

^ /o''(gi,a/3l/32+Q2,aCl6) 
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Applying ([59]) . ([60]) and Qi^a + Q2,a — 1 (sec (|58| and the lines after p7|) '). the last expression simplifies 



as 



Since the numerator is symmetric in ^1,^2, the infimum of the above ratio is realized by some ^0, so by 
(I184p and the latter formula we find 



(185) g^>- + l ^°'(^"^^^^^^'"^^--)^° +Q(.^)l>l 

de ~ e e ^ ' e ~ e 



1/ + inf (2a2fc2 + Af'akQs - (7(5^ 

[0,L] 



Notice that for v and 6 sufficiently small, the coefficient of j- in the above formula is positive and uniformly 
bounded away from zero. From (pT|) and the asymptotics in ([55)1 (which follows from the Weyl's formula), 
one can show that 11^3 ^Aq has a number of negative eigenvalues of order — . This fact and (|185p yield 
the desired claim, which can be obtained as in [14], Proposition 4.5: since the argument is quite similar, 
we omit the details. 

The above claim provides invertibility of Xly:, ^Aq in Ys.a, and gives 

(186) ||(ny3,,Ao)-'/3|!y3,. < f 11/311^3.. for any (3 e : 



we want next to estimate the X^^s norm of (ny3^Ao) ^(3. Let = ^ ^ ^2 ^jPj suppose /3 
J2 ' s2 bjPj is such that Ilyg^ Aq/? — f3, in the sense that 

L 

MP. t e) - / iQl,af3p + Q2,a^0 for all {(3, with p e ^3,5- 



If P s2 kjPji then by (pTjl integrating one finds 

si si 1 si 



:t=-^ l=- 



Choosing = bj for j > and = —bj for j < 0, from the asymptotics of i/j in ([59]) we obtain for 
Ci > sufficiently large that 

si 

^ E 1^1^?^^ E b^<cm\ks- 

By (HMD we have ||/3|!y.3,, < ^WWy.,,, so recalling O we get ^ := < < ^\m%^^, 

which yields the conclusion. ■ 

Proof of Theorem II. II Let us introduce the operators 

Gi : Xi^s X A2,5 X Xs^s — > ^1,5, I — 1,2,3, 

defined by duality as 

(Gi(<i>,/2,/3),$)n,, vWdVg^; (G2(<i>,/2,/3),/2)y,,, vvT/Vg^; 
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(G3($,/2, 



where v = /2, /?) is the function appearing in Proposition [JT] 

By Proposition [2]4l equation (fT4|) (or ([!])) is solved if and only if w = 0: in the above notations, this is 
equivalent to finding ($, /2, f3) such that G;($, /2, /3) = for every I = 1,2, 3. If £fc is the sequence given 
in Lemma 14.41 then Aq is invertible, and the condition u = is equivalent to the system (we set e = Ek) 



(187) 



$ = (S,($,/2,/3) -i5-MGi($,/2,/3) -4($)] 

/2 - /2 = ®z($, /2, 13) := -^T-i [g2($, /2, 13) - e^fh - /j,„_i F4,,,,C/(fc(s)z)dz 
[ /? = ©3(*,/2,/3) -£(ni.,,,Ao)-i [G3(<i>,/2,/3) ~ \nY,.Aof3] , 



where 5 = -^Go3, T - GqT (Gq = /jj„_i [/(y)^^^) and where h = -f -1(/r„-i F4,,,eC/(fc(s)z)dz). By 
(fT65ll -(fT72 | . (fT78| - (fT80l) and (fT8T|) one finds 

||©,(0,0,0)||xi,, < Ge; ||©,(0, 0, 0)||x,,, < C6; ||03(0, 0, 0)||x3,. < C6e^; 
moreover if <&, /2, satisfy the bounds (|12H) . (I126p . then 

||©,(<i>, /2,/3) - (5,(l>,/2,/3)|Ui,, < G(ci,C2,C3) (^<5||<f - l>|U,,, + e||/2 - /2IU.,, + ^||/3 - P\\x,,s , , 

ll®z($,/2,/3)-®z(l',/2,/9)|lx.,, <G(C1,C2,C3) f-|!<i>-$|U,,+<5||/2-/2||x,, +4ll/5-/3|U3 

f2, P) - f2,mx,,s < Cici,C2,C3) [Se\\^ - nx,,, + Se^\\f2 ~ f2\\x,,s + 

211.11. _ 11.11.. . ^ith 



We now consider the scaled norms e\\ ■ \\x^ ^ — \\ ■ II ' lli-j 

this new notation the last formulas become 



2. -5' II 11X3,5 



X3 



(188) 116,(0,0,0)11^^ ^ <G; ||0.(0, 0, 0)||^^ ^ < G5^; ||©3(0, 0, 0)!!^^^^ < G5; 



||©4$j2, /?) -©.(<!>, /2, /3)||x,,, < C(ci, C2, C3) (<5||$ - $11;^^^ + <55 11/2 - /2||x,., + '^ll/? - /3||^^ 
||®z(<i>, /2,/5) - C5z($, /2,/3)|| x^, < G(ci, C2, C3) (^^11$ - $11 X,,, + S\\f2 - h\\ X,,, + -^^11/3 - /3|| ^3 J ; 

||C53($,/2,/?)-©3('^,/2,/3)|lx3,. <^^(C1,C2,C3) (^^l I $ - $ 1 1 + '^^ 1 1 /2 - /2 1 1 X.,. + '^11 " /3|| X3,. , 



If G is the constant appearing in ()188p . from the last four formulas we deduce that if 6 is sufficiently 
small then (©,, 0^,63) has a fixed point in {|| • ||^^_^ < 2G}n{|| •-/2||^^_, < 2G(53}n{|| • ||^^_^ < 2G<5}. 
This, by the comments before ()187|) . leads to a solution of ^ with the desired asymptotics. ■ 
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